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Abstract: In this study, the capacity and ultimate behavior of Reinforced Concrete (RC) and Steel Fiber Reinforced Con-

crete (SFRC) beams are evaluated. Nonlinear Finite Element Analysis (NLFEA) and the inverse analysis technique were 

used to model its structural response using the ATENA finite element software. The smeared crack approach, the crack 

band model, and advanced constitutive models were used to reproduce concrete fracture. The analyzed beams were sub-

jected to rupture in a four-point bending test setup. The relationship between the shear span and the depth of the beams 

was 1.5. Four scenarios were analyzed, RC beams with and without stirrups, and SFRC beams without stirrups with vol-

umes of 0.57% and 0.76%. The results obtained in the modeling are discussed in terms of the ability of the models to 

numerically reproduce the relationships: load versus displacement, load versus strain, crack patterns, and failure modes. 

The analysis techniques allowed to reproduce the experimental response of the beams with good agreement. They show 

great potential to solve structural engineering problems.    
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1. Introduction 

 

Steel Fiber Reinforced Concrete (SFRC) is increasingly used in several civil construction applications (Di Prisco & Pliz-

zari, 2004; Serna, Arango, Ribeiro, Núñez, & Garcia-Taengua, 2009; Kasuga, 2017; Cugat et al., 2020). The composite ma-

terial has many advantages compared to normal concrete regarding the residual strength provided by the fibers. When the 

cementitious matrix is cracked, debonding and sliding of the fibers are the mains mechanisms for providing residual strength 

(Li, Xu, Chi, Huang, & Li, 2017; Li et al., 2018; Poveda et al., 2020). The transfer and redistribution of stresses produced 

during the fracture process provide improvements in mechanical properties such as: tensile strength, energy absorption, duc-

tility and toughness (Barros & Figueiras, 1999; Wang, Wu, & Wang, 2010; Lee, Cho, & Choi, 2017). Mechanical and geo-

metric properties of the steel fibers and their interaction with the matrix have an important role in the structural performance 

of SFRC elements. Factors associated with properties of fibers, such as tensile strength, anchorage, length, diameter and 

volume fraction, are some variables that may influence post‐cracking behavior (Banthia & Trottier, 1994). 
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  The prediction of ultimate capacity and behavior of reinforced concrete structures is highly studied in structural engineer-

ing. Recently, Nonlinear Finite Element Analysis (NLFEA) have been used to analyze a variety of engineering problems. The 

modeling of structures using NLFEA is widely explored through finite element programs (e.g. ABAQUS, ATENA, DIANA 

FEA, etc.) (Sanabria Díaz, Sarmiento Nova, Teixeira da Silva, Mouta Trautwein, & de Almeida, 2020; de Souza & Breña, 

2020). However, SFRC modeling is limited, since the anisotropy and heterogeneity of the material lead to more complex 

simulations. Several strategies have been applied to predict the response and phenomena involved in the fracture of SFRC.  

 

Two approaches are known for being used according to the problem modeling scale, namely, modeling through meso-

models, where fibers are discretely and randomly represented in the finite element mesh (Zhang, Huang, Yang, Xu, & Chen, 

2018; Zhang, Zhang, Liao, Wang, & Zhao, 2020), and modeling through macro-models, in which there is no spatial represen-

tation of the fiber. The first approach represents the most realistic problem; nevertheless, a high computational cost is required 

for the simulation (Sheng, Zhang, & Ji, 2016). In cases where large structures need to be simulated, this feature is disadvan-

tageous and has little potential for practical applications. On the other hand, in the second approach fracture is governed by 

constitutive laws that reproduce the energy released during the fracture process of the material. Finite element programs like 

the ones mentioned above use this latter approach. In these, fractures due to tensile are reproduced through softening functions. 

         

The softening functions are of great importance in NLFEA due to describing how energy is dissipated during a fracture. 

Post-peak tensile stresses are associated with crack openings. For conventional concrete, softening is frequently described by 

the Hordijk exponential function (Hordijk, 1991). Regarding the SFRC, the function has limitations for describing this be-

havior. In this instance, specific functions need to be determined through experiments (e.g. Direct tensile test). Several re-

searchers have reported complexities and limitations for carry out direct tensile test (Cattaneo & Rosati, 1999; Dupont & 

Vandewalle, 2002). As an alternative, three- or four-point bending tests on prismatic specimens are combined with inverse 

analysis techniques to find the function indirectly. Basically, the technique consists of an iterative procedure in which from 

of experimental load versus displacement or Crack Mouth Opening Displacement (CMOD) of the notched specimens, wherein 

the softening function parameters are determined through finite element model calibration.  

     

Despite the large number of studies on SFRC modeling using inverse analysis technique (Uchida, Kurihara, Rokugo, & 

Koyanagi, 1995; Planas, Guinea, & Elices, 1999; de Oliveira e Sousa & Gettu, 2006; de Montaignac, Massicotte, Charron, & 

Nour, 2012; Gribniak, Kaklauskas, Hung Kwan, Bacinskas, & Ulbinas, 2012; Woo, Kim, & Han, 2014; Nour, Massicotte, de 

Montaignac, & Charron, 2015; Yoo, Yoon, & Banthia, 2015; Gali & Subramaniam, 2018; Soltanzadeh, Cunha, & Barros, 

2019), many of them are limited to study small-scale elements (specimens) without reinforcement. Also, the strength and 

ultimate behavior of structural elements of a higher scale combined with analysis techniques have been less explored (Kannam 

& Sarella, 2018). Additionally, recent NLFEA studies focused on predicting the ultimate capacity and fracture behavior of 

SFRC beams failing in shear, showed the great difficulty to obtain reliable results (Barros et al., 2021).  

    

In this paper the ultimate behavior of Reinforced Concrete (RC) and SFRC beams with low shear span-to-depth ratio is 

studied through NLFEA and inverse analysis. The main objectives are to experimentally analyze the failure modes in beams 

and assessment the ability of techniques for predicting its structural behavior using ATENA program. In this way, the work 

contributes to increasing the bench of solutions for structural engineering problems supported by the great potential of con-

stitutive models and parameters used in the simulations for the prediction of ultimate capacity, fracture behavior and failure 

modes. 

 

2. Materials and methods 

 

The experimental program presented in this paper was part of a research that studied the influence of steel fibers on shear 

failure mechanisms in beams (Benedetty, 2018). Three groups of beams were analyzed in this study: RC beams without 

stirrups, RC beams with minimum shear reinforcement and SFRC beams without shear reinforcement.   

 

 

 

https://doi.org/10.7764/RDLC.21.3.717
http://www.revistadelaconstruccion.uc.cl/


Revista de la Construcción 2022, 21(3) 717-736 
719 of 736 

 

 
 

 
 

Revista de la Construcción 2022, 21(3) 717-736; https://doi.org/10.7764/RDLC.21.3.717                                                  www.revistadelaconstruccion.uc.cl  
                                                                                                                                                                                                                           Pontificia Universidad Católica de Chile  

 

2.1. Material properties  

 

Two types of concrete were used in the experimental study, Normal Concrete (NC) and Steel Fiber Reinforced Concrete 

(SFRC). The two types of concretes used were supplied by a local concrete company (Campinas, São Paulo). The mixtures 

consisted of Brazilian cement type CPII–Z, coarse basalt aggregate and river sand with maximum sizes of 19 mm and 2.4 

mm, respectively. Because the NC beams were cast on different dates, two batches of NC were used. The RC beam with 

stirrups was cast with batch 1 and the beam without stirrups with batch 2. Regarding the SFRC beam, these were cast with 

batch 2 and hooked-end steel fibers DRAMIX 3D 45/30BL of 30 mm in length and 0.62 mm in diameter. The fiber contents 

were 0.57% and 0.76%, Table 1 shows the dimensions and mechanical properties of the fiber.  

 
Table 1. Properties of hooked-end steel fibers. 

Length, lf Diameter, df Aspect ratio, lf/df Tensile strength, fu Elastic modulus, Ef 

[mm] [mm] [-] [MPa] [MPa] 

30 0.62 45 1270  210000 

 

2.2. Characterization tests  

 

2.2.1. Normal concrete and SFRC 

 

All types of concrete were characterized at ages greater than 28 days. The specimens were tested on the same day as the 

test of the beams. Compressive strength was determined by axial compression tests on six cylindrical specimens of 100 mm 

in diameter by 200 mm in height, in accordance with the recommendations of the ABNT NBR 5739 standard (ABNT, 2007). 

The elastic modulus was measured following guidelines from the ABNT NBR 8522 standard (ABNT, 2008), three of the six 

specimens used in the axial compression tests of each batch were used for its determination. Indirect tensile strength of NC 

was measured by the Brazilian test on six cylindrical specimens of 100 mm in diameter by 200 mm in height, following the 

specifications of the ABNT NBR 7222 standard (ABNT, 2011). Table 2 shows the mean values of the mechanical parameters 

for each type and batch of concrete.  

 

Table 2. Mechanical properties of concretes. 

Nomenclature Batch 
fc ft Ec GF  Age 

[MPa] [MPa] [GPa] [N/m]  [days] 

NC 
1 41.06 (1.85) 3.37 (0.26) 26.08 (1.61) 142.50 (–) 48 

2 38.98 (1.66) 4.18 (0.22) 27.13 (2.27) 184.50 (21.13) 38 

SFRC–0.57 – 37.26 (1.84) 4.83 (0.34) 27.18 (0.83) – 39 

SFRC–0.76 – 39.64 (0.81) 4.85 (0.60) 30.19 (1.47) – 40 

[Note] fc = compressive strength, ft = tensile strength, Ec = elastic modulus, GF = fracture energy, and (s.d.) = standard deviation.    

 

An important parameter to simulate fracture processes in quasi-brittle materials is fracture energy (GF), that is, the energy 

necessary to completely fracture a unit area of concrete. In this study, it was only measured in the second batch of NC, through 

three-point bending test in four prismatic specimens of 100 mm × 100 mm × 400 mm and notch of 50 mm in height. Test 

variables such as the loading rate (0.05 mm/min) and the span between supports (300 mm) were adopted following the JCI-

S-001-2003 standard (JCI, 2003). In the absence of the experimental value of the fracture energy of the first batch of NC, this 

was estimated using the equation recommended by the fib Model Code 2010 (FIB, 2010) (Equation 1).  

 

 𝐺𝐹 = 73 ∙ (𝑓𝑐𝑚)
0.18 (1) 

where 𝑓𝑐𝑚 is the mean compressive strength of the concrete. 
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In order to capture the post-cracking response of the SFRC, specimens of the same dimension were tested using the same 

test setup, however, a higher loading rate (0.2 mm/min) was adopted for those samples, as specified in the JCI-S-002-2003 

standard (JCI, 2003). In Figure 1 the load versus displacement responses measured for the two volume ratios of SFRC are 

presented, a post-peak softening behavior could be observed in both cases. 

 

 
Figure 1. Load versus displacement responses of notched specimens: (a) SFRC–0.57 and (b) SFRC–0.76. 

 

The tensile strength in bending of the SFRC was calculated from the results of the three-point bending test with use of the 

following equation: 

 

 
𝑓𝑡 =

3𝑃𝐿

2𝑏(ℎ − 𝑎)2
 (2) 

where 𝑃 is the cracking load, 𝐿 is the span between supports, 𝑏 the specimen width, ℎ specimen depth and 𝑎 the height of the 

notch.   

  

2.2.2. Reinforcement steel bars 

 

Three diameters of steel bars were used as reinforcement in the beams. Bars of 5 mm for stirrups, 8 mm for stirrup-holders 

and 16 mm for longitudinal reinforcement. Two batches of reinforcement steel bars were used for this last diameter. The NC 

beams were cast with batch 1 and the SFRC beams with batch 2. Direct tensile tests were performed to determine the stress 

versus strain curve of the bars (Figure 2), and, additionally, mechanical properties such as: yield strength (fy), yield strain at 

limit of proportionality (εy,LOP) and elastic modulus (Es). 
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Figure 2. Stress versus strain curves of reinforcement bars. 

 

The tests followed the recommendations of the ASTM E8/E8M-16a (ASTM, 2016) and ASTM 370-17 (ASTM, 2012) 

standards. Table 3 shows the mechanical properties of the reinforcements. 

 

Table 3. Properties of reinforcement bars. 

Diameter 

[mm] 

Es 

[MPa] 

εy, LOP
 

[mm/m] 

fy 

[MPa] 

fu 

[MPa] 

5 193880 2.73 632.09 703.87 

8 192126 3.18 642.34 750.93 

16 (1) 182720 2.30 581.65 795.07 

16 (2) 190450 3.15 557.27 680.20 

[Note] Es = elastic modulus, εy = yield strain at limit of proportionality, fy = yield strength, and fu = ultimate strength. 

 

2.3. Test setup and characteristics of beams  

 

In the present study, the behavior and shear mechanisms of four beams with different failure mechanisms were analyzed 

and discussed. They all have a rectangular cross section of 150 mm × 400 mm and 2100 mm in length. These were tested in 

a four-point bending configuration, and the load was applied by a hydraulic actuator to a metal profile, which distributed it in 

two contact areas on the upper surface of the beam, through the use of steel plates of 100 mm × 150 mm × 20 mm and 37 mm 

diameter rollers. The support system had the same components; however, the right support lower plate restricted the longitu-

dinal roller displacement in the beam direction, working as a fixed support. The left support allows longitudinal displacement, 

whose used test setup is shown in Figure 3, in addition to the geometric characteristics and reinforcements details of the 

beams. The relationship between the shear span (a) and the effective beams depth (d) was 1.5, a constant value in all tests. 

In order to simplify the naming of the beams throughout this study, the nomenclatures established according to their char-

acteristics were the following: Beams made of normal concrete (NC), beams made of steel fibers reinforced concrete (SF), 

beams without stirrups (L) and beams with stirrups (S). To specify the fiber content, we added the numbers 0.57 and 0.76 to 

the nomenclatures. Thus, NC-S refers to a beam made of normal concrete with stirrups and SF-L-0.76 refers to a steel fiber 

reinforced concrete beam without stirrups and with a fiber content of 0.76%. 

 

https://doi.org/10.7764/RDLC.21.3.717
http://www.revistadelaconstruccion.uc.cl/


Revista de la Construcción 2022, 21(3) 717-736 
722 of 736 

 

 
 

 
 

Revista de la Construcción 2022, 21(3) 717-736; https://doi.org/10.7764/RDLC.21.3.717                                                  www.revistadelaconstruccion.uc.cl  
                                                                                                                                                                                                                           Pontificia Universidad Católica de Chile  

 

 
Figure 3. Test setup, instrumentation and reinforcement details. 

 

2.4. Numerical methodology 

 

In order to analyze and numerically validate the nonlinear behavior of the beams, simulations using the commercial finite 

element program ATENA were developed. In this program, the phenomena of fracture and plasticity of concrete can be 

analyzed with the use of the fracture-plastic constitutive model (Červenka & Papanikolaou, 2008). The crack band theory 

(Bažant & Oh, 1983) and the smeared crack approach are integrated into the finite element program to reproduce the crack 

propagation and crack opening phenomena in the analysis of reinforced concrete structures. In the crack band model, the 

cracking in the fractured process zone is assumed to be smeared along a band. This assumption makes it possible to establish 

a relationship between the large strains (fracture strains) of cracked concrete and the corresponding crack widths. Equation 3 

establishes the relationship between these parameters. In ATENA the crack band width (𝐿𝑡) is defined as the projected di-

mension of the finite element measured perpendicular to the orientation of crack. 

 

 𝜀𝑓 =
𝑤

𝐿𝑡
 (3) 

where 𝜀𝑓 is the fracture strain, 𝑤 the crack width, and 𝐿𝑡 the crack band width. 

 

The nonlinear behavior of the material can be modeled through material models, which govern the behavior material over 

functions that reproduce the relationships: stress (σ) – strain (ε), stress (σ) – displacement (δ) or stress (σ) – crack opening 

(w). Figure 4 shows a scheme of the material models that were used in the simulation of RC and SFRC beams. 
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Figure 4. Material models for NLFEA in ATENA. 

 

2.4.1. Material model for normal concrete  

 

The CC3DnonLinCementitious2 model was used to simulate the behavior of normal concrete. In this instance, the dissi-

pated fracture energy due to tensile stress, is governed by the Hordijk softening function (Hordijk, 1991) (Equation 4). 

 

 𝜎

𝑓𝑡
= {1 + (𝑐1

𝑤

𝑤𝑐
)
3

} exp (−𝑐2
𝑤

𝑤𝑐
) −

𝑤

𝑤𝑐

(1 + 𝑐1
3)exp(−𝑐2) (4) 

where 𝜎 is normal tensile stress at crack, 𝑓𝑡 is the tensile strength of concrete, 𝑤is the crack opening and 𝑤𝑐 is the crack 

opening when 𝜎=0. Parameters 𝑐1 and 𝑐2 are coefficients relative to the adjust function with values 3 and 6.93, respectively.  

Figure 5(a) shows the softening curve, the area under the exponential curve is the fracture energy (GF), associated with 

parameter 𝑤𝑐 in Equation 5.    

 

 
𝑤𝑐 = 5.14

𝐺𝐹
𝑓𝑡

 (5) 

The concrete compressive failure is based on the Menetrey & Willam (1995) failure criterion, which depends on basic 

concrete properties such as axial compressive strength (𝑓𝑐
′) and plastic strain (𝜀𝑐𝑝). For practicality, to describe the pre-peak 

and post-peak compression regimes ATENA adopts the stress-plastic strain and stress-displacement relationships of Figures 

5(a) and 5(b) (Červenka, Jendele & Červenka, 2021). Each function reproduces the hardening in the plastic regime and sof-

tening at rupture. The parameters to define the hardening function in the pre-peak regime are: compressive strength (𝑓𝑐
′), 

plastic strain (𝜀𝑐𝑝) and compressive stress (𝑓𝑐0), the latter refers to the value of stress when the plasticity phenomenon begins. 

Figure 5(b) presents the model parameters: compressive strength, tensile strength, and elastic modulus. The curve is calculated 

according to Equation 6. 

 

 

𝜎 = 𝑓𝑐0 + (𝑓𝑐
′ − 𝑓𝑐0)√1 − (

𝜀𝑐𝑝 − 𝜀

𝜀
)
2

 (6) 

   With regard to the softening function in the post-peak regime, concrete behavior is represented linearly through the 

fictitious compression plane model (Figure 5(c)), which establishes that softening after being cracked depends on a parameter 

known as post-peak plastic displacement (Wd), validated by experimental studies by van Mier (1986), wherein a value 0.5 

mm can be adopted for normal concrete. 
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Figure 5. Tensile and compression models: (a) exponential softening in tensile (Hordijk, 1991), (b) hardening in compression (Červenka, 

Jendele & Červenka, 2021) and (c) linear softening in compression (van Mier 1986).  

 

2.4.2. Material model for steel fiber reinforced concrete 

 

The model CC3DnonLinCementitiousUser was used to simulate the SFRC, which allows to define specific user-defined 

functions that numerically reproduce post-cracking effects during the fracturing process. These functions relate the dimen-

sionless tensile stress (σt/ft) with the material fracture strain (εf). The dimensionless stress is a ratio between the acting tensile 

stress (σt) and the maximum tensile strength of SFRC (ft). The fracture strain (εf) corresponds to the residual strains in the 

post-peak regime. Material characterization tests to measure strains are quite complex, so inverse analysis techniques can be 

used to indirectly obtain the function parameters. Sajdlová (2016) presents a methodology to simulate SFRC using the 

CC3DnonLinCementitiousUser material model. The tensile response of material can be represented as a function obtained by 

an iterative process that correlates the experimental load-displacement curve of the three-point bending test in notched spec-

imens with the numerical curves obtained by simulation using ATENA. A scheme of the technique is provided in Figure 6. 

The basic process of methodology is summarized below. 

1. To test several notched specimens of SFRC and plot the P – δ curves, identifying the values of cracking load (Pcrack) 

and peak load (Pmax).   

2. To calculate the average value of the flexural tensile strength (ftm), from the cracking load (Pcrack) or maximum load 

(Pmax) in case it is impossible to identify the cracking load on curve, and the dimensions of the ligament surface of 

the specimens, using Equation 2.    

3. To insert an initial softening tensile function (bilinear) in the material model parameters, Figure 6 presents an exam-

ple of this function. The abscissa of zero dimensionless stress point corresponds to the maximum fracture strain 

(εfmax), this can be determined using the crack band model equation (Equation 3), where the crack width (w) is adopted 

as the approximate value of maximum crack observed on the test (i.e. 6 mm) and the crack band size (Lt) is adopted 

as the finite element size in the notch of specimen (i.e. 2 mm).      

4. To model the specimen in ATENA, defining the finite element mesh, boundary conditions and monitoring points to 

capture magnitudes of interest, e.g. applied load (P), vertical displacement at mid-span (δ) and crack width on the 

notch tip (w).  
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5. To plot the average experimental curve with the numerical curve and calculate the factor (Ri) for several post-peak 

displacements (δi) along the curves. The factor is defined as a ratio between the numerical load (Pnum) and average 

experimental load (Pexp) for specific displacements (δi).      

6. To calculate the fracture strains (εf,i), based on the numerical crack width (w) associated to each displacement (δi), 

using the crack band model (Equation 3).  The crack width values used in the calculation correspond to the numerical 

crack width on the notch tip (obtained in step 4). The fracture strain values found correspond to the abscissa of the 

new tensile softening function. The ordinates are determined by interpolating dimensionless stresses (σt/ft) of the 

initial function and multiplying them by the factor Ri.   

7. Insert the new function in the material model parameters and repeat steps 4–6 iteratively, until the calibrated numer-

ical curve is found. 

 

 
Figure 6. Scheme of the inverse analysis technique. 

  

2.4.3. Material model for reinforcement bars and steel plates  

 

The reinforcing bars were simulated with a CCReinforcement model. The hypothesis of perfect bond between concrete and 

reinforcement was adopted. The stress–strain relationships of the material were reproduced in the simulation using multilinear 

functions (Figure 7(a)). The points of the function were obtained from the stress–strain curves of Figure 2. The loading plates, 

were simulated using the CC3DElastIsotropic model, in this instance, the relation stress–strain is described by a linear func-

tion (Figure 7(b)), where only the steel elastic modulus is necessary to define it. 
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Figure 7. Stress versus strain relationships: (a) reinforcement and (b) loading plates.  

 

2.4.4. Finite element mesh 

 

The finite element mesh of the specimen and the beams were generated with GID v10.0.9 preprocessor (GID, 2009). The 

mesh geometry and boundary conditions of the models are shown in Figure 8. Due to the symmetry conditions of the problem, 

in both cases half of the element was simulated. This simplification reduced the processing time of the models. The plane 

stress state condition was adopted for the notched specimen model (Figure 8(a)). A 4-node shell finite elements 

CCIsoQuad4_2D were used for simulating the notched specimens (prisms). Greater refinement was applied in the notched 

region (2 mm × 2 mm). 3-node triangular shell finite elements CCIsoTriangle3_2D were used to increase the element dimen-

sion outside the notched region. The notched specimen model had 1959 quadrilateral elements and 225 triangular elements.         

Three-dimensional models were used in the RC and SFRC beams. A 20-node hexahedral finite element CCIsoBrick20_3D 

was used to simulate the concrete and loading plates of beams (Figure 8(b)). Truss element CCBar_3D was used for the steel 

bars embedded in the concrete. The finite element size for the concrete and loading plates were 30 mm × 30 mm × 30 mm 

and 25 mm × 25 mm × 20 mm, respectively. The models without stirrups consisted of 117 truss elements and 2323 hexahedral 

elements, and the models with stirrups contained 232 additional truss elements.  

 

2.4.5. Boundary conditions 

 

Boundary conditions in the numerical models are shown in Figure 8. The support plates were constrained in the y-axis 

allowing displacement in the x-axis and rotation, while the displacements in the symmetry plane of the notched specimen and 

the beam were constrained in the x-axis allowing displacement in the y-axis. A prescribed displacement was assigned along 

the central axis of the loading plate. The displacements were 8 mm and 16 mm for the NC and SFRC beams, respectively. 

The contact between the steel plates and the concrete was simulated using a master-slave condition without the need to join 

the finite element mesh nodes of both materials.     
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Figure 8. Finite element mesh and boundary conditions: (a) notched specimen and (b) beam.   

 

3. Results and analysis  

 

3.1. Experimental observations 

 

3.1.1. NC-S and NC-L beams 

 

Table 4 provides the summary results for the test beams; the NC-S beam was shown to fail under diagonal tension. Under 

a load of 80 kN, the first flexural cracks in the beam central region could be observed. When the load level of 120 kN was 

reached, shear-flexural cracks were observed outside the maximum flexural moment region. Subsequently, diagonal shear 

cracks appeared with significant length in each shear span at load of 151 kN. As the load increase, the diagonal shear crack 
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located in the left span progressively increasing the opening. After a load level of 260 kN was reached, the diagonal cracks 

propagated towards the loading plates. Lastly, the beam failed in shear at a maximum load of 340.95 kN. The maximum 

measured strain in the longitudinal reinforcement reached 3.22 mm/m, exceeding the strain at the limit of proportionality 

(2.30 mm/m). 

 

Table 4. Summary of test results for the RC and SFRC beams. 

Beam 
ρw  

[%] 

εs
L  

[mm/m] 

εs
S  

[mm/m] 

εc  

[mm/m] 

Pmax  

[kN] 
Failure mode 

NC-S 0.14 3.22 4.32 – 340.95 Shear (1) 

NC-L – 3.18 – 2.05 370.49 Shear (2) 

SF-L-0.57 – 15.75 – 4.38 432.29 Flexural–Shear  

SF-L-0.76 – 15.93 – 4.22 442.71 Flexure  

[Note] ρw = shear reinforcement ratio, εs
L = longitudinal reinforcement strain, εs

S = transverse reinforcement strain, εc = concrete strain, 

Pmax= maximum load, (1) diagonal tension, and (2) shear–compression.             

 

Figure 9(a) shows the final crack pattern of the beam. On the other hand, the NC-L beam failed in shear-compression, 

similar behaviors to NC-S beam were observed in terms of first flexural and shear-flexural cracks load. However, the diagonal 

shear crack was initiated at a higher load (161.11 kN). This is attributed to the fact that the tensile strength of concrete in the 

NC-S beam was lower than that of the NC-L beam (19.3%). The diagonal shear crack of the NC-L beam had a shorter length 

and a tortuous trajectory compared to the NC-S beam (Figure 9(b)). As the load increased, the crack propagated towards the 

left loading plate. Finally, the beam failed with shear at a maximum load of 370.49 kN, due to abrupt crushing of concrete in 

the top compression zone near the left side of the loading plate. The strains measured in the reinforcement of both beams 

exceed the proportionality limit slightly. 

 

 
Figure 9. Crack patterns and failure modes: (a) diagonal tension, (b) shear-compression, (c) flexural–shear, and (d) flexure.  
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3.1.2. SF-L-0.57 and SF-L.0.76 beams 

 

The SF-L-0.57 beam failed due to combined effects of flexural and shear stresses; the respective crack pattern of the beam 

is shown in Figure 9(c), which shows a vertical and diagonal crack with wide opening. The first flexural and shear-flexural 

cracks were formed with the same load level (120 kN). Compared with the beams without steel fibers this value is 50% higher. 

The diagonal shear crack was developed at 180 kN, its length was considerably shorter than that observed in the beams without 

steel fibers. As the load increased, the diagonal shear cracks propagated towards the loading plates without showing remark-

able crack opening. When a load level of 422 kN was reached, the diagonal crack of the left shear span and the vertical crack 

in the mid-span increased gradually the opening. Finally, at 432.29 kN the beam failed due to the propagation of the shear 

diagonal crack describing a curved path to the central compression zone. The strain measured in the concrete compression 

zone exceeded the value of plastic strain, reaching a maximum strain of 4.38 mm/m. In addition, the strain in the longitudinal 

reinforcement significantly exceeded the yield strain of bars, reaching a strain of 15.75 mm/m. Regarding the SF-L-0.76 beam, 

it failed in flexure. The first flexural cracks were formed at 100 kN and similarly to the SF-L-0.57 beam the diagonal shear 

cracks were formed at 180 kN; nevertheless, these did not show visually significant openings as the load increased. After the 

longitudinal reinforcement initiated the yielding, the vertical crack located in the mid-span growth in the vertical direction, at 

the same time its opening increased. Finally, the beam failed in flexure due to crushing of concrete in the top compression 

zone. 

 

3.2. Numerical and experimental comparisons 

 

3.2.1. Load versus displacement curves of notched specimens 

 

The numerical load versus displacement responses of the notched specimens are shown in Figure 10. These were obtained 

using the inverse analysis technique. A maximum number of four and seven iterations was required to obtain the calibrated 

curves of the SFRC-0.57 and SFRC-0.76, respectively.  It is noteworthy that for the two types of concrete, the numerical 

curves are within the range of experimental results. The softening functions associated with these responses are presented in 

Figure 11. 

 

 

Figure 10. Calibrated curves of notched specimens obtained by inverse analysis: (a) SFRC–0.57 and (b) SFRC–0.76.  
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Figure 11. Calibrated softening functions: (a) SFRC–0.57 and (b) SFRC–0.76.  

 

3.2.2. Load versus displacement curves of beams 

 

Figure 12 compares the experimental and numerical load versus displacement curves of beams. The numerical results 

shown good agreement in terms of stiffness and maximum load. The responses of NC-S and NC-L beams are shown in Figure 

12(a) and Figure 12(b), respectively. The numerical models were able to capture the behavior in terms of stiffnesses, it can 

be seen that this is greater in the NC-S beam, due to the contribution of the shear reinforcement. On the other hand, the failure 

load was predicted with relative error of 1.73% and 2.37%, for the NC-S and NC-L beam, respectively. Figure 12(c) shows 

the load versus displacement responses of SF-L-0.57 beam, it can be seen that the numerical stiffness has a similar tendency 

to that measured in the test. In addition, it was also possible to capture the plateau in the post peak regime, related with the 

yielding of the longitudinal reinforcement and the fibers bridging mechanism. The steel fibers controlled the unstable propa-

gation of the shear diagonal cracks for a longer time, providing ductility. The maximum load was predicted with relative error 

of 2.73%. Finally, the load versus displacement curves of SF-L-0.76 are shown in Figure 12(d), the results shown good 

agreement, a relative error of 3.47% was reached in term of maximum load.  
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Figure 12. Experimental and numerical load versus displacement curves: (a) NC-S, (b) NC-L, (c) SF-L-0.57 and (d) SF-L-0.76.  
 

Table 5 compares the first flexural crack load, shear diagonal crack load and shear failure. A good approximation can be 

observed between the experimental and numerical values of the failure shear. Figure 13 shows a comparison between exper-

imental and predicted shear ultimate capacity.  

 

Table 5. Comparison between experimental results and numerical predictions. 

Beam 
Experimental [kN] Numerical [kN] Exp. / Num. 

PF,crack  VS,crack  VFailure PF,crack  VS,crack  VFailure PF,crack VS,crack VFailure 

NC-S 80 75.5 170.5 112.5 90.0 167.5 0.71 0.84 1.02 

NC-L 80 80.5 185.2 91.9 93.6 189.6 0.87 0.86 0.98 

SF-L-0.57 120 90.0 216.1 115.6 – 210.2 1.04 – 1.03 

SF-L-0.76 100 90.0 221.3 112.0 – 213.6 0.89 – 1.04 

[Note] PF,crack = first flexural crack, VS,crack = shear diagonal crack, and VFailure = shear capacity.    

 

 
Figure 13. Experimental and numerical shear ultimate capacity.  
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3.2.3. Load versus steel strain curves of beams 

 

In Figure 14(a) are shown the stress versus strain curves of longitudinal reinforcement of NC-S and NC-L beams. It is 

possible to verify that the yielding strain is slightly exceeded, which confirms the brittle failure of those beams. On the other 

hand, the SFRC beams developed ductile behavior, reaching higher strains that exceeded the yielding strain of reinforcement 

bars (Figure 14(b)). Regarding stirrup strains from the NC-S beam, in Figure 14(c) it can be seen that the strains have a null 

value until the growth of the shear diagonal crack. This behavior is associated to the fact that the tensile strains in the stirrup 

are concentrated in different positions as the load increases. Prior to the growth of the shear diagonal crack, the strains were 

not able to concentrate in the monitored point by the strain gage (SG1), so the strains were null until then. 

 

 

 

 
Figure 14. Experimental and numerical load versus strain relationships: (a) longitudinal reinforcement of NC-S and NC-L beams, (b) 

longitudinal reinforcement of SF-L-0.57 and SF-L-0.76 beams and (c) transverse reinforcement of NC-S beam. 
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3.2.4. Crack patterns and failure modes of beams 

 

Pictures of the experimental crack patterns after failure, the localization of principal tensile strains, and distribution of 

principal compressive stress, are illustrated in Figure 15. The stress and strains states presented correspond to the step prior 

to failure in each model. The numerical crack patterns are represented by black lines together with the principal compressive 

stress; a filter was applied so that only cracks greater than 0.1 mm were shown. It can be seen that in the beams where only 

one significant opening crack was developed, for example, NC-S, NC-L and SF-L-0.76 beams, the models reproduced their 

location with good agreement. However, in the case of the SF-L-0.57 beam where two cracks (diagonal and flexural) devel-

oped significant openings, the model showed limitations for reproducing the location of one of them. For this beam it was 

only possible to represent the location of the flexural crack. The models developed in this study consider that the mechanical 

properties of the SFRC are homogeneously distributed in all the finite elements. In a real scenario, during the casting procedure 

of beams, there is the possibility of regions with poor fiber distribution. This phenomenon becomes more significant in situ-

ations where a low volume of fibers is added, as is the case of the SF-L-0.57 beam. Standards such as ACI318-19 (ACI, 2019) 

suggest that for structural applications steel fiber volumes greater than 0.75% should be used. 

 

 
Figure 15. Experimental and numerical crack patterns, principal tensile strains and principal compressive stresses.  

 

The numerical models were able to reproduce the cracking in localized regions of the beams. Figure 16(a) shows the crack 

pattern of SF-L-0.57 beam, in this case crack openings even smaller were filtered (0.01 mm).  Horizontal cracks due to 

crushing of concrete can be visualized along with the region of high concentration of compressive stresses. On the other hand, 

Figure 16(b) showed the location of the principal tensile strains of the NC-L beam, it can be observed that these are distributed 

along the longitudinal reinforcement producing the horizontal splitting cracks. 
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Figure 16. Localized fractures: (a) crushing concrete in SF-L-0.57 beam and (b) horizontal splitting cracks in NC-L beam.  

 

4. Conclusions 

 

In this paper, nonlinear finite element analysis and inverse analysis were used to predict the capacity and ultimate behavior 

of reinforced concrete and steel fiber reinforced concrete beams. The ATENA software, based on the smeared crack approach 

and crack band theory, was used for the modeling of notched specimens and beams. The conclusions of this study are sum-

marized below: 

 

1. Normal concrete fracture can be satisfactorily modeled using CC3DnonLinCementitious material model of ATENA. The 

numerical models of the beams with and without stirrups were able to predict the relationships load versus displacement, 

load versus strain, crack patterns and failure modes with good acceptance.    

2. The post-cracking response of notched specimens was numerically reproduced with good acceptance, by means of the 

tensile softening functions calibrated by inverse analysis. Additionally, it was possible to predict the ultimate capacity of 

SFRC beams by applying these functions in the models. 

3. Inverse analysis technique is a methodology with potential for the analysis of structural engineering problems where it is 

required to evaluate the ultimate behavior of SFRC beams. The indirect acquisition of post-cracking material response 

through the numerical three-point bending test calibration is shown as an advantageous and practical alternative in situa-

tions where it is not possible to execute the direct tensile test. 

4. The assumption of homogeneous distribution of the mechanical properties of the SFRC in all the finite elements of the 

model may present some limitations for predicting the crack pattern of reinforced beams with low fiber volumes. In this 

case, the great heterogeneity in mechanical properties can lead to the propagation of cracks in beam regions subjected to 

complex stress states and poor fiber distribution.                          
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