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Abstract

The concept of spatial fuzzy set is introduced in this article. We
have established some fundamental conclusions on the spatial fuzzy set
and the spatial fuzzy topological space. Because fuzziness is an internal
feature of spatial objects, we used topological relations to build internal
properties and relationships between them.
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1. Introduction

Motivation and contribution

The scale of the spatial objects is obviously not uniform. As a result,
the size proportionality may be specified using the membership function.
As a result, the analysis of such objects may be done successfully using the
concepts of fuzzy sets and fuzzy topological spaces. In the paper of spatial
objects, two or more qualities been used. Fuzzy set theory may be a very
useful tool for making better decisions and taking action on paper in this
respect.

Natural phenomena are typically modeled as spatial characteristics in
Geographic Information Systems (GIS), such as points, arcs, or polygons.
In most cases, these characteristics are mathematically described using
the cell complex or simplified complex structure. This structure has been
widely and effectively used in commercial GIS applications (such as ArcGIS
etc). These characteristics are currently represented as crisp (non-fuzzy)
points, arcs, or polygons. These characteristics, in other words, have a
defined border. Natural phenomena, on the other hand, are not neces-
sarily as precise as spatial objects defined in traditional GIS data models.
Many natural things, such as downtown areas, mountains, soil distribution,
meadows, and woods, have a hazy border. The lack of obvious borders is
a frequent feature of these items. Many researchers study on GIS appli-
cations one may refer to [1], [8], [9]. Fuzzy set theory and its property
study by many authors which have been used in this work one may refer to
[23]-[27]. Several attempts to depict fuzzy objects have been undertaken,
including [3] [4] [14].

L.A. Zadeh [31] first proposed the concept of a fuzzy set in 1965. C.L.
Chang [2] defined fuzzy topology three years later, defining it as a family
of fuzzy sets meeting the three classical axioms. Many topological ideas
were introduced in a fuzzy environment after Chang adapted fuzzy set the-
ory to topology. Lowen [15] presented a more natural concept of fuzzy
topology in 1976, which differed from Chang’s adapted fuzzy set. Several
models have been developed to address topological relations between fuzzy
spatial objects [3], [4], [10], [15], [20]. Using the well-known 9-intersection
technique given by Egenhofer and Franzosa [8], Egenhofer and Sharma [9],
Clementini and Di Felice [5] discovered 44 algebraically between fuzzy ob-
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jects. The logic-based Cohn and Gotts egg-yolk model was used to identify
46 relationships. Tang and Kainz [22] used the 4*4-intersection strategy,
which is an extension of the 9-intersection approach, to find 152 relations
between simple fuzzy areas in a fuzzy topological space of R2

A topological relation is a relation that is invariant under homeomor-
phisms. Topological relations have an important significance in GIS mod-
eling since they are the basis for spatial modeling, spatial query, analysis
and reasoning.

Recently, topological relations have been investigated in the crisp topo-
logical space. White [30] in 1980 introduced the algebraic topological mod-
els for spatial objects. The famous 4-intersection approach and the 9-
intersection approach Egenhofer and Franzosa [8] were proposed for formal-
ism of topological relations between two simple regions, which are defined
in the crisp topological space. These approaches were then generalized in
different ways and different applications. Most of these theoretical results
have been applied in GIS software for maintaining the topological consis-
tency.

Many ways can be used to identify the topological relations. Kainz et
al. [13] discussed some topological relations are investigated based on poset
and lattice theory. They pointed out that the poset and lattice can be used
in GIS modeling and can reduce the complexity of some queries.

The principles and attributes of a fuzzy spatial area are discussed in
this article. We give a theoretical basis for both of the most often used
ontologies in GIS. From the perspective of fuzzy sets theory, we will model
and evaluate spatial connections. We show how it may be used to create a
model for a fuzzy region as well as a 9-intersection model.

2. Topological Relation Models

The intersection matrix is a well-known method for finding topological
relationship models between two subsets in topological space. The 9-
intersection matrix has been frequently used in crisp topological space (cts)
to identify topological linkages between crisp areas. The concept is to de-
fine an intersection matrix using the topological ideas of subsets in cts: the
interior, boundary, and exterior. The topological relations between two
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subsets can be identified using some topological invariants of the intersec-
tion, such as the empty/non-empty contents. The following truths in cts
are implied by this approach:

1. The interior, boundary and the exterior of a subset are topological
invariants;

2. These topological invariants are mutually disjoint in cts;

3. The empty/non-empty contents of the intersections between these
three topological parts of two subsets are topological invariants.

In a fuzzy topological space, however, fact (2) does not hold (fts). That
is, despite being topological features, the inner, border, and exterior of a
fuzzy set may not be disconnected. As a result, the 9-intersection method
cannot be used to explicitly identify relationships between two fuzzy sets.
In this fts, Tang and Kainz [17] researched a peculiar space and formalised
the 9-intersection. They demonstrated that the fts C with crisp open sets
may fulfill the aforementioned requirements. The 9-intersection matrix may
be written as follows:

In(U,V ) =

⎛⎜⎝ δU ∩ δV δU ∩ V o δU ∩ V −1
Uo ∩ δV Uo ∩ V o Uo ∩ V −1
U−1 ∩ δV U−1 ∩ V o U−1 ∩ V −1

⎞⎟⎠
and for different values of n the we have the following 9-intersection matrix

I0(U,V ) =

⎛⎜⎝ ∅ ∅ ¬∅
∅ ∅ ¬∅
¬∅ ¬∅ ¬∅

⎞⎟⎠, (a) RDisjoint(U,V )

I1(U,V ) =

⎛⎜⎝ ¬∅ ∅ ¬∅
∅ ∅ ¬∅
¬∅ ¬∅ ¬∅

⎞⎟⎠, (b) RMeet(U,V )

I2(U,V ) =

⎛⎜⎝ ¬∅ ∅ ∅
∅ ¬∅ ∅
∅ ∅ ¬∅

⎞⎟⎠, (c) REqual(U, V )

I3(U,V ) =

⎛⎜⎝ ∅ ¬∅ ∅
∅ ∅ ¬∅
¬∅ ¬∅ ¬∅

⎞⎟⎠, (d) RInside(U,V )
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I4(U,V ) =

⎛⎜⎝ ¬∅ ¬∅ ∅
∅ ∅ ¬∅
¬∅ ¬∅ ¬∅

⎞⎟⎠, (e) RCoveredby(U,V )

I5(U,V ) =

⎛⎜⎝ ∅ ∅ ¬∅
¬∅ ¬∅ ¬∅
∅ ∅ ¬∅

⎞⎟⎠, (f) RContains(U, V )

I6(U,V ) =

⎛⎜⎝ ¬∅ ∅ ¬∅
¬∅ ¬∅ ¬∅
¬∅ ∅ ¬∅

⎞⎟⎠, (g) RCovers(U, V )

I7(U,V ) =

⎛⎜⎝ ¬∅ ¬∅ ¬∅
¬∅ ¬∅ ¬∅
¬∅ ¬∅ ¬∅

⎞⎟⎠, (h) ROverlap(U, V )

(9-intersection matrix in the fts C) By use of 9-intersection matrix, 44 topo-
logical relations are identified based on their defined simple fuzzy regions.
Here the following 44 topological relations are as follows in the geometrical
form
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Figure 1: 44 topological relations are as follows in the geometrical form
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3. Spatial Fuzzy Sets

Spatial data are not uniform in size and shape; accordingly we defined spa-
tial fuzzy set. Now we can analysis plane data or line data or point data
using fuzzy membership value and fuzzy set property. Many ways can be
used to identify the topological relations. In Kainz et al. [13], some topo-
logical relations are investigated based on poset and lattice theory. They
pointed out that the poset and lattice can be used in GIS modeling and
can reduce the complexity of some queries. This article gives the concept
and properties of a fuzzy spatial region. We provide a theoretical frame-
work for both dominant ontologies used in GIS. We will model and analyze
the spatial relationships from the viewpoint of the fuzzy sets theory. The
fuzzy sets systems has been extensively developed and applied to the inves-
tigation and clarification of complex problems in a large family of systems.
Human performance in space is highly complex and is intrinsically impre-
cise. Modeling human systems with classical mathematics usually leads
to a mechanical analysis and prediction of behavior in space and time.
To obtain more appropriately imprecise human behavior as well as spatial
structures and processes, we need a theoretical model that deals directly
with complexity and imprecision in a formal manner. Over the years, fuzzy
sets theory in general and fuzzy logic, in particular, have been successfully
developed and applied to solve fundamental problems in spatial analysis.
In this section, we give a state-of-the-art examination of the fuzzy sets
reaching to spatial analysis. It covers the approximate characterization of
imprecise spatial thoughts, geographical conceptualization and regionaliza-
tion, spatial preference and stability analysis, spatial optimization, spatial
information systems, and spatial conclusion maintenance systems in view of
fuzzy set. We also outline in the end plausible directions for further investi-
gation, particularly the integrative construction with other new paradigms
for spatial analysis.

The following are the main 4 categories of the representation of the
spatial data in fuzzy set depending on their nature. We shall use these for
the spatial fuzzy representation of the data throughout the article.

1. Case-1 In case of plane data the fuzzy spatial member-ship function
will be
µ(e)= area(e)

totalareaofthecullectingdata .

2. Case-2 In case of line data the fuzzy spatial member-ship function
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will be
µ(e)= length(e)

totallengthofthecullectingdata .

3. Case-3 In case of point data the fuzzy spatial member-ship function
will be
µ(e)= noofpointsin(e)

totalnoofpointsindata .

4. Case-4 The fuzzy membership of a spatial data set A which contains
different types of vector data is denoted by
µ(A) = sumofthemembershipvalue

typesofdata .

Where e is the portion of a data set it may be line, plane, or point spa-
tial data and A is a spatial set in which contains line data point data and
plane data as well. Spatial analysis can also help us in abstract sense. In
which we have to take some membership value on the basis of the situation.
Then we can analysis the system with the help of fuzzy soft set.

Now we can analyze plane data or line data or point data using fuzzy
membership value and fuzzy set property. The intersection of two spatial
data sets is empty means the membership value of their common portion
is 0(zero). That is no common part between them. if the intersection is
non-null then some membership value will have for which there are some
common parts is there and the membership value lies in (01]. The mem-
bership value 1 means the whole spatial data set.

The nine intersection spatial relations between the two spatial regions
are as follows, here δ and o denotes boundary and interior of the set re-
spectively.

Spatial relation µδ∩δ µδ∩o µo∩δ µo∩o Different cases
sr0 ∅ ∅ ∅ ∅ A and B are disjoint
sr1 ¬∅ ∅ ∅ ∅ A and B touch
sr3 ¬∅ ∅ ∅ ¬∅ A equal B
sr6 ∅ ¬∅ ∅ ¬∅ A is inside B or B contains A
sr7 ¬∅ ¬∅ ∅ ¬∅ A is covered by B or B covers A
sr10 ∅ ∅ ¬∅ ¬∅ A contains B or B inside A
sr11 ¬∅ ∅ ¬∅ ¬∅ A covers B or B is covered by A
sr14 ∅ ¬∅ ¬∅ ¬∅ A and B or B overlap with disjoint boundaries
sr15 ¬∅ ¬∅ ¬∅ ¬∅ A and B or B overlap with intersecting boundaries

Now we define the nine spatial fuzzy relations between two spatial data
sets using the membership function:
The fuzzy membership function of define as follows, here δ and o denotes
boundary and interior of the set.
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Spatial relation µδ∩δ µδ∩o µo∩δ µo∩o Different cases

sr0 µ
sr0
δ∩δ µ

sr0
δ∩o µ

sr0
o∩δ µ

sr0
o∩o A and B are disjoint

sr1 µ
sr1
δ∩δ µ

sr1
δ∩o µ

sr1
o∩δ µ

sr1
o∩o A and B touch

sr3 µ
sr3
δ∩δ µ

sr3
δ∩o µ

sr3
o∩δ µ

sr3
o∩o A equal B

sr6 µ
sr6
δ∩δ µ

sr6
δ∩o µ

sr6
o∩δ µ

sr6
o∩o A is inside B or B contains A

sr7 µ
sr7
δ∩δ µ

sr7
δ∩o µ

sr7
o∩δ µ

sr7
o∩o A is covered by B or B covers A

sr10 µ
sr10
δ∩δ µ

sr10
δ∩o µ

sr10
o∩δ µ

sr10
o∩o A contains B or B inside A

sr11 µ
sr11
δ∩δ µ

sr11
δ∩o µ

sr11
o∩δ µ

sr11
o∩o A covers B or B is covered by A

sr14 µ
sr14
δ∩δ µ

sr14
δ∩o µ

sr14
o∩δ µ

sr14
o∩o A and B or B overlap with disjoint boundaries

sr15 µ
sr15
δ∩δ µ

sr15
δ∩o µ

sr15
o∩δ µ

sr15
o∩o A and B or B overlap with intersecting boundaries

Example 3.1. Let us consider an example for different types of spatial
fuzzy relation between two spatial data sets. The relation is true in case
of abstract sense also. Here we are taking some membership values for
different types of situation.

Spatial relation µδ∩δ µδ∩o µo∩δ µo∩o Different cases
sr0 0.0 0.0 0.0 0.0 A and B are disjoint
sr1 0.03 0.0 0.0 0.0 A and B touch
sr3 1 1 0.0 0.0 A equal B
sr6 0.0 0.3 0.1 0.0 A is inside B or B contains A
sr7 1 1 0.0 0.0 A is covered by B or B covers A
sr10 0.0 0.04 0.0 0.06 A contains B or B inside A
sr11 0.06 0.06 0.0 0.07 A covers B or B is covered by A
sr14 0.0 0.07 0.12 0.046 A and B or B overlap with disjoint boundaries
sr15 0.1 0.02 0.03 0.075 A and B or B overlap with intersecting boundaries

In the above example we consider the spatial fuzzy set on the basis of
membership function.

Definition 3.1. Let X be a spatial fuzzy set, a mapping µ : X → I. The
value µ(x) represents the membership value of x ∈ X in the spatial fuzzy
set µ, for x ∈ X. Let IX denotes the family of all spatial fuzzy sets on X.
If µ1, mu2 ∈ IX then some basic set operation for spatial fuzzy sets are as
follows:

1. A ⊆ B ⇒ µA ≤ µB ⇔ µA(x) ≤ µB(x), for each x ∈ X.

2. A = B ⇒ µA = µB ⇔ µA(x) = µB(x), for each x ∈ X.

3. C = A ∪ B ⇒ µC = µA ∨ µB ⇔ µC(x) = µA(x) ∨ µB(x), for each
x ∈ X.

4. C = A ∩ B ⇒ µC = µA ∧ µB ⇔ µC(x) = µA(x) ∧ µB(x), for each
x ∈ X.

5. Ac = µ(A
c)⇔ ν(x) = 1− µA(x), for each x ∈ X.
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4. Main Results

In this section we established the results on spatial fuzzy relations. In
view of the definitions in the section-3, we formulate the following results
without proof

Theorem 4.1. The union and intersection of two spatial fuzzy set is also
a spatial fuzzy set.

Result 4.1. The following results of the spatial set and spatial fuzzy set
holds good

1. µAo ∨ µδA = µδA ∨ µAo

2. µAo ∨ µδA = µA

3. µAo ∧ µδA = 0X

4. µAo ∧ µA = µAo

Theorem 4.2. . Let A, B and C be three spatial fuzzy sets, then the
following statements hold.

1. µA ∧ (µB ∧ µC) = (µA ∧ µB) ∧ µC ⇔ µA(x)∧ (µB(x) ∧ µC(x)) =
(µA(x) ∧ µB(x)) ∧ µC(x), for each x ∈ X.

2. µA ∨ (µB ∨ µC) = (µA ∨ µB) ∨ µC ⇔ µA(x)∨ (µB(x) ∨ µC(x)) =
(µA(x) ∨ µB(x)) ∨µC(x), for each x ∈ X.

3. µA ∧ (µB ∨ µC) = (µA ∧ µB)∨ (µA ∧ µC) ⇔ µA(x)∧ (µB(x)∨ µC(x))
= (µA(x) ∧ µB(x)) ∨(µA(x) ∧ µC(x)), for each x ∈ X.

4. µA ∨ (µB ∧ µC) = (µA ∨ µB)∧ (µA ∨ µC) ⇔ µA(x)∪ (µB(x)∧ µC(x))
= (µA(x) ∨ µB(x)) ∧(µA(x) ∨ µC(x)), for each x ∈ X.

Proof 1. 1. µAo ∨µδA(x) = max{µAo(x), µδA(x)}= max{µδA∨µAo(x).

2. We have A = Ao ∪ δA⇒ x ∈ Ao ∪ δA⇒ x ∈ A
Now µAo ∨ µδA(x)= max{µAo(x), µδA(x)} and µA(x) = {µ(x) : x ∈
A} ⇒ {µ(x) : x ∈ Ao ∪ δA} ⇒ {µ(x) : x ∈ Ao or x ∈ δA}={µ(x) :
x ∈ Ao} or {µ(x) : x ∈ δA}= max{µAo(x), µδA(x)} = µAo ∨ µδA(x).

3. We have, Ao and δA are disjoint ⇒ µAo ∧ µδA = 0X .
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4. µAo∧µA(x)=min{µAo(x), µA(x)}=min{µAo(x), max{µAo(x), µδA(x)}}
= µAo(x).

Theorem 4.3. The following fuzzy Relation between two simple spatial
fuzzy regions are as follows.

1. The exteriors of two fuzzy regions intersect with each other;

2. If one fuzzy region is a subset of the core of the other, then its exteriors
must intersect with the other’s core, and vice versa;

3. If both cores are disjoint, then one fuzzy region’s core intersects with
the other’s boundary, or with the other’s outer, and vice versa;

4. Any part of one fuzzy region must intersect with at least one part of
the other fuzzy region, and vice versa;

Support of a spatial fuzzy set and r-cut or r-level A spatial fuzzy set is
obviously a generalization of spatial crisp data set and the membership
function is a generalization of the characteristic function. The non-present
elements have the zero membership. Often it is appropriate to consider
those elements of the universe which have a non-zero membership in a
spatial fuzzy set.

Definition 4.1. The support of a spatial fuzzy set A, σ0(A) is the spatial
set of all x ∈ X such that µA(x) > 0 i.e. σ0(A) = {x ∈ X : µA(x) > 0}.

Definition 4.2. The spatial data set of elements that belongs to the spa-
tial fuzzy set A at least to the degree r is called r-cut or r-level spatial
fuzzy set.

Example 4.1. Let A = {(x1, 0.33), (x2, 0.30), (x3, 0.5), (x4, 0.2)}, here the
support set A is a spatial set with the 0.2-level spatial fuzzy set relation.

In view of the above definitions, we formulate the following results with-
out proof.

Theorem 4.4. If the common membership value of two cores is zero and
the membership values of common boundaries is zero, then their cores mem-
bership is non-zero with the membership value of exterior of the opposite.
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Theorem 4.5. If the common membership values of two boundaries is
zero with the membership value of the exterior of the opposite, then either
both cores intersect with the exterior of the other, or both cores cannot
intersect with the exterior of the other.

Theorem 4.6. If the common membership value of one’s core with all
parts except the boundary of the other is non-zero, then the common mem-
bership value of exterior must non zero with the core of the other.

5. Conclusions:

Theoretically, this study presents a paradigm for dealing with fuzzy spatial
objects. The data model is based on a fuzzy cell complex structure, which
is a natural extension of the crisp data model for use in fuzzy domains.
Many of the qualities of a cell complex are preserved when it is extended
to a fuzzy cell complex. It works with non-fuzzy spatial objects as well.
Crisping a spatial item transforms it into a crisp cell complex. The anoma-
lies in the boundaries of a fuzzy spatial object are solved in this way.

Because fuzzy topological relations are fundamental to geographical
data modelling, they are researched. The identification concept is based
on the 9-intersection matrix, which is generated via fuzzy topology. It’s
easy to see how the relationships between fuzzy spatial items are just an
extension of the relationships between crisp spatial things. If all fuzzy ob-
jects are crisp, the relations between them are crisp relations, much as the
ones found by Egenhofer and Franzosa [8]. As a result, the fuzzy cell com-
plex framework is also compatible with data models for crisp spatial objects.

The 9-intersection matrix underpins all of the aforementioned relation-
ships. If the 4*4-intersection matrix is used, more topological relations can
be established [15], [30]. When more planar interactions between two fuzzy
spatial objects need to be distinguished, this is beneficial. Other topo-
logical invariants can be used to adjust these relationships. This approach
may be used to more fuzzy line-to-spatial-feature relationships in additional
dimensions.
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