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Abstract

Let G be a graph with adjacency matrix A(G) and let D(G) be the
diagonal matrix of the degrees of G. For every real α ∈ [0, 1], Nikiforov
[21] and Wang et al. [26] defined the matrices Aα(G) and Lα(G),
respectively, as Aα(G) = αD(G)+(1−α)A(G) and Lα(G) = αD(G)+
(α− 1)A(G). In this paper, we obtain some relationships between the
eigenvalues of these matrices for some families of graphs, a part of
the Aα and Lα-spectrum of the spider graphs, and we display the Aα

and Lα-characteristic polynomials when their set of vertices can be
partitioned into subsets that induce regular subgraphs. Moreover, we
determine some subfamilies of spider graphs that are cospectral with
respect to these matrices.
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1. Introduction

Let G = (V (G), E(G)) be a simple graph of order n with vertex set V (G)
and edge set E(G). The induced subgraph [S] of G is the graph whose
vertex set is S ⊂ V (G) and whose edge set consists of all of the edges in
E(G) that have both endpoints in S. For each vertex v ∈ V (G), the open
neighborhood of v is the set NG(v) containing all the vertices u adjacent
to v and the closed neighborhood of v is the set NG[v] = NG(v) ∪ {v}.
Two distinct vertices u and v are called true twins in G, if NG[u] = NG[v]
and are called false twins if NG(u) = NG(v) and u is nonadjacent to v,
[19]. The degree of a vertex v of G, d(v), and the sequence of degrees of
G, d(G), are defined by |NG(v)| and d(G) = (d(v1), d(v2), . . . , d(vn)) such
that d(v1) ≥ d(v2) ≥ · · · ≥ d(vn), respectively. A clique is a nonempty
subset of vertices in a graph that are mutually adjacent to one another.
An independent set is a nonempty subset of vertices in a graph that are
mutually nonadjacent. We denote by G the complement of graph G, the
complete graph with n vertices by Kn, p copies of G by pG and the star
with n vertices by Sn.

The Laplacian matrix and signless Laplacian matrix of G are defined by
L(G) = D(G)−A(G) and Q(G) = A(G) +D(G) respectively, where D(G)
is the diagonal matrix of the degrees and A(G) = [aij ] is the adjacency
matrix of G, such that aij = 1 if vi is adjacent to vj , and aij = 0 otherwise.
In 2017, Nikiforov [21] defined for any real α ∈ [0, 1], the convex linear
combination Aα(G) of A(G) and D(G) by

Aα(G) = αD(G) + (1− α)A(G).(1.1)

It is easy to check that A(G) = A0(G), D(G) = A1(G), Q(G) = 2A 1
2
(G)

and that this convex linear combination does not include the Laplacian
matrix. Recently, Wang et al. [26] defined another the convex linear com-
bination

Lα(G) = αD(G) + (1− α)(−A(G)),(1.2)

for any α ∈ [0, 1], and consequently L(G) = 2L 1
2
(G). As the second smallest

eigenvalue of the Laplacian matrix has some applications [1, 20, 24, 27],
the inclusion of this matrix in the convex linear combination motivates the
study of the eigenvalues of Lα(G). From equations (1.1) and (1.2), we have

Lα(G) = 2αD(G)−Aα(G).(1.3)
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We denote the m × n all-ones matrix by Jm,n, the all-zeros matrix by
0m,n, and the m ×m identity matrix by Im. In particular, we denote Jm
and 0m when m = n. LetM be an n×n symmetric matrix associated with
a graph G. The M -characteristic polynomial of G is defined by PM(x) =
det(xIn−M) and its roots are called theM -eigenvalues of G or simply M -
eigenvalues. As usual, we shall index the M -eigenvalues in non-increasing
order and denote them as λ1(M) ≥ λ2(M) ≥ . . . ≥ λn(M). The multiset
of M -eigenvalues is called the spectrum of M or M -spectrum. For M =
Aα(G) or M = Lα(G), we simply write Aα or Lα when there is no risk of
ambiguity.

Two graphs are said to be M -cospectral if they have the same M -
spectrum. A graph G is called an M -DS graph if it is determined by its
M -spectrum, that is, if any graph that isM -cospectral withG is isomorphic
to G. We can check whether two graphs are M -cospectral in polynomial
time but when are isomorphic it is a NP -problem. Characterizing which
graphs are determined by their spectrum is a classical but difficult problem
in Spectral Graph Theory [3, 14, 25] which was raised, in 1956, by Günthard
and Primas [12] with motivations from chemistry. In recent years, although
many graphs have been proved to be M -DS graphs [4, 17, 18] the problem
of determining M -DS graphs is still far from being completely solved.

Hoàng [15] in his thesis Ph.D. introduced the family of P4-sparse graphs
for which every set of five vertices induces at most one P4 and showed that
P4-sparse graphs are perfect graphs. Moreover, it is easily seen that P4-
sparse graphs contain all the cographs, that are graphs free of P4. These
graphs have been extensively studied because they have interesting struc-
tural properties that help in solving graph-theoretic problems, see [5]. In
1992, Jaminson and Olariu [16] presented a relationship between P4-sparse
and spider graphs the following way: if G is non trivial P4-sparse graph,
then either G or G is disconnected, or G is a spider graph whose head, if
exists, induces a P4-sparse graph. In this paper, we investigate spectral
properties of matrices Aα and Lα for some families of graphs. Also, we dis-
play part of the Aα-spectrum and Lα-spectrum of the spider graphs and we
determine the respective characteristic polynomial when the spider graph
has regular head. Moreover, we show that spider graphs are neither Aα-DS
nor Lα-DS, displaying cospectral spider graphs with respect to these ma-
trices. The paper is organized such that preliminaries results are presented
in the next section and the main results are in Section 3.
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2. Preliminaries

In this section, firstly we present some results that will be useful to prove
the main results of the paper. Proposition 2.1 is an important result on the
spectrum of matrices partitioned in blocks and the Theorem 2.2 presents
Weyl’s inequalities for the eigenvalues of Hermitian matrices.

Proposition 2.1 ([6]). Let M be an n× n Hermitian matrix defined by

M =

⎡⎢⎢⎢⎢⎣
M11 M12 · · · M1k

M21 M22 · · · M2k
...

...
. . .

...
Mk1 Mk2 · · · Mkk

⎤⎥⎥⎥⎥⎦ ,
where Mij , 1 ≤ i, j ≤ k, is an ni × nj submatrix such that the sum of
each of its rows is equal to cij . If M = [cij ]k×k, then the spectrum of M is
contained in the spectrum of M , taking into account the multiplicities of
the eigenvalues.

Theorem 2.2 ([23]). Let M and N be n × n Hermitian matrices. For
integers i and j such that 1 ≤ i, j ≤ n,

λi(M) + λj(N) ≤ λi+j−n(M +N) if i+ j ≥ n+ 1,(2.1)

λi(M) + λj(N) ≥ λi+j−1(M +N) if i+ j ≤ n+ 1.(2.2)

In either of these inequalities equality holds if and only if there exists a
nonzero n-vector that is an eigenvector to each of the three eigenvalues
involved.

From inequalities (2.1) and (2.2),

λk(M) + λn(N) ≤ λk(M +N) ≤ λk(M) + λ1(N), 1 ≤ k ≤ n,(2.3)

and from equation (1.3) and inequality (2.3), for each k, 1 ≤ k ≤ n, we
have

λk(Lα(G)) + λn(Aα(G)) ≤ 2αd(vk) ≤ λk(Lα(G)) + λ1(Aα(G)).(2.4)

In 2017, Nikiforov [21] present bounds for Aα-eigenvalues in function
of the degrees of G, and in 2020, Wang and Wong [26] showed a relation
between the eigenvalues of Aα(G) and Lα(G) if G is a bipartite graph.
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Proposition 2.3 ([21]). Let G be a graph of order n. Then

λk(Aα(G)) ≤ d(vk), 1 ≤ k ≤ n.

Proposition 2.4 ([26]). A graph G is bipartite if and only if Lα(G) and
Aα(G) have the same spectrum.

From Nikiforov [21] and Proposition 2.4, the next remark displays the
Lα-eigenvalues of the complete bipartite graph, Kp,q.

Remark 2.5. Let p and q be integers such that p ≥ q ≥ 1 and let α ∈ [0, 1].
Then

(i) λ1(Lα(Kp,q)) =
1
2

∙
α(p+ q) +

q
α2(p+ q)2 + 4pq(1− 2α)

¸
;

(ii) λn(Lα(Kp,q)) =
1
2

∙
α(p+ q)−

q
α2(p+ q)2 + 4pq(1− 2α)

¸
;

(iii) λk(Lα(Kp,q)) = αp for 1 < k ≤ q;

(iv) λk(Lα(Kp,q)) = αq for q < k ≤ p+ q.

In particular,

PLα(Sn)(x) = (x− α)n−2(x− λ1)(x− λn),

where λ1 =
αn+
√
α2n2−4(n−1)(2α−1)

2 and λn = αn − λ1. Moreover, u ="
α−1
λ1−αJ1,n−1

#T
and v =

"
α−1
λn−αJ1,n−1

#T
are eigenvectors associated to

the eigenvalues λ1 and λn, respectively.

Proposition 2.6 states that the existence of twin vertices in a graph
implies in the presence of certain eigenvalues in its Lα-spectrum and also
provides a lower bound for the multiplicity of these eigenvalues. The proof
of this proposition follows the same ideas of the proof of the Proposition 2.4
given in [2].

Proposition 2.6. Let G be a graph on n ≥ 2 vertices and vi, vjp, 1 ≤ p ≤
n, twin vertices.

(i) If vi and vjp are true twins then α(d(vi) − 1) + 1 is an eigenvalue of
Lα(G);
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(ii) If vi and vjp are false twins then αd(vi) is an eigenvalue of Lα(G).

In addition, each eigenvalue is associated to the eigenvector x(p) whose
entries are

x
(p)
k =

⎧⎪⎨⎪⎩
1, if k = i;
−1, if k = jp;
0, otherwise.

Moreover, the multiplicity of each eigenvalue is at least p.

Remark 2.7 relates the eigenvalues of Lα(G) and Aα(G) when G is a
regular graph.

Remark 2.7. Let G be a d-regular graph of order n and α ∈ [0, 1].

(i) From Nikiforov [21], λi(Aα(G)) = αd + (1 − α)λi(A(G)) and, given
that Lα(G) = αdIn + (α− 1)A(G), we have λi(Lα(G)) = αd + (α −
1)λn+1−i(A(G)), and from equation (1.3)

λi(Aα(G)) = 2αd− λn+1−i(Lα(G)), 1 ≤ i ≤ n.

(ii) According to Cvetković et al. [6], λ1(A(G)) = d is associated to the
all-ones vector, Jn,1, and therefore, all other eigenvectors are orthog-
onal to Jn,1. So, λ1(Aα(G)) = d and λn(Lα(G)) = (2α − 1)d are
associated to Jn,1.

Applying the Remark 2.7, we determine the eigenvalues of Lα(Kn) in
the next remark.

Remark 2.8. According to Nikiforov [21], the Aα-eigenvalues of Kn are
λ1(Aα(Kn)) = n − 1 and λk(Aα(Kn)) = αn − 1 for 2 ≤ k ≤ n. From
Remark 2.7 the eigenvalues of Lα(Kn) are λn(Lα(Kn)) = (2α − 1)(n − 1)
and λk(Lα(Kn)) = α(n− 2) + 1, 1 ≤ k ≤ n− 1.

The next result present a lower bound for the smallest eigenvalue of
Lα(G).

Corollary 2.9. If G is a graph of order n and α ∈ [0, 1], then

λn(Lα(G)) ≥ 2αd(vn)− d(v1).

Equality holds if G is a regular graph.
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Proof. Let k = n. From Proposition 2.3 and inequality (2.4), we have
λn(Lα(G)) ≥ 2αd(vn)−d(v1). From Remark 2.7, as G is a d-regular graph,
we have λn(Lα(G)) = (2α− 1)d and the result follows. 2

3. The Aα and Lα-spectrum of Spider graphs

In this section, we present some results involving the eigenvalues of Aα and
Lα for spider graphs. According to Jaminson and Olariu [16], a graph G is
called a spider graph if the vertex set V (G) admits a partition into sets K,
S and R such that

(i) |K| = |S| ≥ 2, S is an independent set and K is a clique;

(ii) Every vertex in R is adjacent to every vertex in K and to no vertex
in S;

(iii) There exists a bijection f : S → K such that, for all vertices w in S,
either

NG(w) ∩K = {f(w)} or else NG(w) ∩K = K\{f(w)}.

The sets K, S and R are called the body, legs and head of the spider,
respectively.

Let G be a spider graph of order n with vertices set V (G) = K∪̇S∪̇R.
If |K| = k, |R| = r and the first of the two alternatives of (iii) holds then
G is said to be a spider with thin legs, and is denoted by G[R](k), otherwise
the spider has thick legs, and is denoted by G[R][k]. If R is an empty set,
the graph is called a headless spider and, according to context, is denoted
by G(k) or G[k]. Spider graphs are uniquely determined by their partition
of vertices, see [16]. Moreover, the complement of a spider graph with thin
legs is a spider with thick legs and vice versa. In the Figure 1, we show the
spider graphs, GK2(3) and GK2 [3], where K = {v1, v2, v3}, S = {v4, v5, v6}
and R = {v7, v8}.
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Figure 1: Spider graphs GK2(3) and GK2 [3].

LetG be a spider graph, α ∈ [0, 1], and a, b ∈ R. ForK = {v1, v2, . . . , vk},
S = {vk+1, vk+2, . . . , v2k}, R = {v2k+1, v2k+2, . . . , v2k+r} and Cr = α(kIr +
D([R])) + aA([R]), we consider the following matrices

Bα

³
G[R](k)

´
=

⎡⎢⎣ (α(k + r − b) + b)Ik + aJk aIk aJk,r
aIk αIk 0k,r
aJr,k 0r,k Cr

⎤⎥⎦(3.1)

and

Bα

³
G[R][k]

´
=

⎡⎢⎣ (α(2k + r − b− 2) + b)Ik + aJk a(Jk − Ik) aJk,r
a(Jk − Ik) α(k − 1)Ik 0k,r
aJr,k 0r,k Cr

⎤⎥⎦
(3.2)

In (3.1) and (3.2), if a = 1− α and b = −1 then Bα(G) = Aα(G), and
if a = α− 1 and b = 1 then Bα(G) = Lα(G).

The next proposition displays some Bα-eigenvalues of spider graphs and
some of them are independent of the structure of the induced subgraph by
the head of the spider graph.

Proposition 3.1. Let G be a spider graph such that V (G) = K∪̇S∪̇R
and α ∈ [0, 1].

pc
fig-1
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(i) Let v be an eigenvector of Aα([R]), respectively Lα([R]), associated
to the eigenvalue λ. If v is orthogonal to the all-ones vector, then
αk + λ is an eigenvalue of Aα(G), respectively Lα(G).

(ii) If λ =
(r+k−b+1)α+b+

√
[(r+k−b−1)α+b]2+4(α−1)2

2 then λ and (r+ k− b+

1)α+ b−λ are eigenvalues of Bα

³
G[R](k)

´
, both with multiplicity at

least k − 1.

(iii) If λ =
(r+3k−b−3)α+b+

√
[(r+k−b−1)α+b]2+4(α−1)2
2 then λ and (r + 3k −

b−3)α+ b−λ are eigenvalues of Bα

³
G[R][k]

´
, both with multiplicity

at least k − 1.

Proof. Let G be a spider graph of order n = 2k + r and α ∈ [0, 1].
For item (i), consider v be an eigenvector of Aα([R]) associated to the
eigenvalue λ, and let

w =
h
01,k 01,k vT

iT
. If v is orthogonal to the all-ones vector, then

it is easy to check from the matrices given in (3.1) and (3.2) for a = 1− α
and b = 1 that

Aα(G)w =
h
01,k 01,k (αk + λ)vT

iT
= (αk + λ)w.

Analogously, the result is verified for the matrix Lα(G).

Now, let u be a non-null vector with k entries that is orthogonal to the

all-ones vector. For (ii), consider the vector w1 =
h
c T a

λ−αu
T 01,r

iT
,

where λ =
(r+k−b+1)α+b+

√
[(r+k−b−1)α+b]2+4a2
2 . From the matrix defined in

(3.1), we obtain

Bα

³
G[R](k)

´
w1 =

⎡⎢⎢⎣
³
α(k + r − b) + b+ a2

λ−α

´
u

a
³
1 + α

λ−α

´
u

0r,1

⎤⎥⎥⎦
As λ is a root of the polynomial p(x) = (x−α) [x− (r + k − b)α− b]−

a2, we have

Bα

³
G[R](k)

´
w1 =

⎡⎢⎢⎣
λu

λ

µ
a

λ− α

¶
u

0r,1

⎤⎥⎥⎦ = λw1.
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So w1 is an eigenvector of Bα

³
G[R](k)

´
associated to the eigenvalue λ.

Now, consider

w2 =
h
c T a

(k+r−b)α+b−λu
T 01,r

iT
.

The similar way, we conclude that w2 is an eigenvector of Bα

³
G[R](k)

´
associated to the eigenvalue (k+r−b+1)α+b−λ. The multiplicity of each
eigenvalue is at least k − 1, since the subspace orthogonal to the subspace
generated by the all-ones vector has dimension equal to k − 1.

For (iii), let λ =
(r+3k−b−3)α+b+

√
[(r+k−b−1)α+b]2+4(α−1)2
2 . Consider the

vectors

z1 =
h
uT a

α(k−1)−λu
T 01,r

iT
and z2 =

h
uT a

λ−(2k+r−b−2)α−bu
T 01,r

iT
.

Applying the same reasoning as in item (ii) for the matrix given in (3.2),

we conclude that z1 and z2 are eigenvectors of Bα

³
G[R][k]

´
associated to

the eigenvalues λ and (r + 3k − b − 3)α + b − λ, respectively, both with
multiplicity at least k − 1. 2

When R is an empty set, the headless spider is a subfamily of split
graphs. Split graphs with at most four distinct eigenvalues for adjacency
matrix were characterized, see [9, 11] and complete split graphs were deter-
mined by their (signless) Laplacian spectrum [8]. Corollary 3.2 shows that
headless spiders have four distinct eigenvalues for the matrices Aα and Lα.

Corollary 3.2. Let G be a headless spider graph such that V (G) = K∪̇S
and α ∈ [0, 1]. Then Bα (G(k)) and Bα (G[k]) for (a = 1− α and b = −1)
or (a = α− 1 and b = 1) have four distinct eigenvalues.

Proof. Let G be a headless spider graph and α ∈ [0, 1]. From Proposi-
tion 3.1 (ii) and (iii), we obtain two eigenvalues, each one with multiplicity
at least k − 1 of Bα (G(k)) and Bα (G[k]) for (a = 1 − α and b = −1) or
(a = α− 1 and b = 1). To obtain the remaining two eigenvalues, we apply
the Proposition 2.1 to the matrices given in (3.1) and (3.2), partitioned into
blocks by the sets K and S, and so we obtain the matrices

P1 =

"
α(k − b) + b+ ak a

a α

#
,
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P2 =

"
α(2k − 2− b) + b+ ak a(k − 1)

a(k − 1) (k − 1)α

#
,

and the result follows. 2

Example 3.3 is an application of the Proposition 3.1 when [R] = Sr.

Exemple 3.3. Let G be a spider graph such that [R] = Sr. From [2]
and Remark 2.5, α is an eigenvalue of Lα(Sr) and Aα(Sr) with multiplicity
at least r − 2 associated to eigenvectors that are orthogonal to the all-
ones vector. Applying Proposition 3.1 (i), we conclude that α(k + 1) is an
eigenvalue of Lα(G) and Aα(G) with multiplicity at least r− 2. Moreover,
from Proposition 3.1 (ii) and (iii), we obtain 2(k− 1) eigenvalues of Lα(G)
and Aα(G). To obtain the remaining 4 eigenvalues of Lα(G) and Aα(G),
we apply the Proposition 2.1 to the matrices given in (3.1) and (3.2), and
we obtain the matrices

M1 =

⎡⎢⎢⎢⎣
α(k + r − b) + b+ ak a a a(r − 1)

a α 0 0
ak 0 α(k + r − 1) a(r − 1)
ak 0 a α(k + 1)

⎤⎥⎥⎥⎦ ,
when G is a spider with thin legs and

M2 =

⎡⎢⎢⎢⎣
α(2k + r − 2− b) + b+ ak a(k − 1) a a(r − 1)

a(k − 1) (k − 1)α 0 0
ak 0 α(k + r − 1) a(r − 1)
ak 0 a α(k + 1)

⎤⎥⎥⎥⎦ ,
when G has thick legs, whose eigenvalues are eigenvalues of Aα(G) for
a = 1− α and b = −1 and of Lα(G) for a = α− 1 and b = 1.

Proposition 3.1 does not display all the factors of the Aα and Lα-
characteristic polynomial of a spider graph. However, it is possible to
display these polynomials for a spider graph when its head induces a regu-
lar subgraph. These results are presented in Theorems 3.4 and 3.5 for the
matrices Aα and Lα, respectively. Moreover, these results show that r − 1
eigenvalues of Aα and Lα depend the r − 1 eigenvalues of A([R]).

Theorem 3.4. Let G be a spider graph of order n = 2k+ r and α ∈ [0, 1].
If [R] is a d-regular connected on r vertices and A = A([R]) then
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(i) PAα(G[R](k))(x) = (f1(x))
k−1 g1(x)

Qr
i=2 [x− (k + d− λi(A))α− λi(A)] ,

where f1(x) = x2 − [(r + k + 2)α − 1]x + (r + k)α2 + α − 1 and
g1(x) = x3− [(k+r+2)α+k+d−1]x2+{nα2+[(2k+d)r+k2+2d+
1]α−k(r−d)−(d+1)}x−[(2k+d)r+k2+k]α2+[(r−d+1)k−d]α+d;

(ii) PAα(G[R][k])(x) = (f2(x))
k−1 g2(x)

Qr
i=2 [x− (k + d− λi(A))α− λi(A)] ,

where f2(x) = x2−[(r+3k−2)α−1]x+[2k2+(r−3)k−r]α2−(k−3)α−1
and g2(x) = x3− [(n+ k− 2)α− (k+ d− 1)]x2+ {n(k− 1)α2+ [(d+
2k)n − (7k + 2d − 3)]α + (k − 1)(d − k + 1) − kr}x − (k − 1){[(d +
2k)r + 3k(k − 1)]α2 − [k(k + r − 3d− 1) + 3d]α− dk + d}.

Proof. Let G be a spider graph of order n and α ∈ [0, 1]. Suppose that
[R] is a d-regular graph of order r and A = A([R]) is its adjacency matrix.
From Remark 2.7, there is exactly one eigenvalue of Aα([R]) associated to
the vector Jn,1. So, from Proposition 3.1 (i),

α[k + d− λi(A)] + λi(A)

is an eigenvalue of Aα (G) for each i, 2 ≤ i ≤ r. Firstly, consider G =
G[R](k). From Proposition 3.1 (ii),

λ =
(r+k+2)α−1+

√
[(r+k)α−1]2+4(α−1)2
2 and (r + k + 2)α− 1− λ

are eigenvalues of Aα(G) both with multiplicity at least k − 1, which are
roots of the polynomial

f1(x) = x2 − [(r + k + 2)α− 1]x+ (r + k)α2 + α− 1.

Applying Proposition 2.1 in the matrix given in (3.1), for a = 1−α and
b = −1, we obtain the matrix

Aα (G) =

⎡⎢⎣ α(r + 1) + k − 1 1− α (1− α)r
1− α α 0
(1− α)k 0 αk + d

⎤⎥⎦
whose characteristic polynomial g1(x) = x3− [(k+ r+2)α+ k+ d− 1]x2+
{nα2+ [(2k+ d)r+ k2+2d+1]α− k(r− d)− (d+1)}x− [(2k+ d)r+ k2+
k]α2+[(r−d+1)k−d]α+d is a factor of PAα(G)(x). So the result follows.

For the case (ii), let G = G[R][k]. From Proposition 3.1 (iii),



Aα and Lα-spectral properties of spider graphs 977

λ =
(r+3k−2)α−1+

√
[(r+k)α−1]2+4(α−1)2
2 and (r + 3k − 2)α− 1− λ

are eigenvalues of Aα (G), both with multiplicity at least k − 1, which are
roots of the polynomial

f2(x) = x2 − [(r + 3k − 2)α− 1]x+ (2k2 + (r − 3)k − r)α2 − (k − 3)α− 1.

Applying Proposition 2.1 in the matrix given in (3.2) for b = −1 and
a = 1− α, we obtain the matrix

Aα (G) =

⎡⎢⎣ (k + r − 1)α+ k − 1 (1− α)(k − 1) (1− α)r
(1− α)(k − 1) α(k − 1) 0
(1− α)k 0 αk + d

⎤⎥⎦
whose characteristic polynomial is g2(x) = x3 − [(n + k − 2)α − (k + d −
1)]x2 + {n(k − 1)α2 + [(d+ 2k)n− (7k + 2d− 3)]α+ (k − 1)(d− k + 1)−
kr}x− (k−1){[(d+2k)r+3k(k−1)]α2− [k(k+r−3d−1)+3d]α−dk+d},
and the result follows. 2

Applying the same technique of the proof of the Theorem 3.4, we obtain
a partial factorization of the Lα-characteristic polynomial of a spider graph
when the head is a regular graph. This result is presented in the next
theorem.

Theorem 3.5. Let G be a spider graph of order n = 2k+ r and α ∈ [0, 1].
If [R] is a d-regular connected graph with order r and A = A([R]) then

(i) PLα(G[R](k))(x) = (f3(x))
k−1g3(x)

Qr
i=2 [x− α(k + d+ λi(A)) + λi(A)] ,

where f3(x) = x2 − [(r + k)α − 1]x + (r + k − 2)α2 + 3α − 1 and
g3(x) = x3 − [(r + 3k + 2d)α− (k + d− 1)]x2 + {[(2d+ 1)n+ 2(k2 −
1)]α2 + [(2k − d)r − 2d(2k − 1) − k2 + 3]α − k(r − d) − (d + 1)}x −
(2α− 1){[k2 + (2d− 1)k + d(r − 2)]α2 + [k(r − d+ 1) + 3d]α− d};

(ii) PLα(G[R][k])(x) = (f4(x))
k−1g4(x)

Qr
i=2 [x− α(k + d+ λi(A)) + λi(A)],

where f4(x) = x2− [(r+3k− 2)α+1]x+ [2k2+(r− 5)k− r+2]α2+
(k + 1)α− 1 and g4(x) = x3 − [(n+ 3k+ 2d− 4)α− (k + d− 1)]x2 +
{[2d(n+2k−4)+(k−1)(n+4k−2)]α2+[k(2r−1)−d(r+6k+6)+
1]α+(k−1)(d−k+1)−kr}x−2(k−1)[(k−1)(k+2d)+dr]α3+(k−
1)[r(d− 2k)−k(k− 1)]α2+(k− 1)[(k− 1)(3d+k)+kr]α−d(k− 1)2.
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Theorems 3.4 and 3.5 show that the Aα and Lα-characteristic polyno-
mial of a spider graph whose head induces a d-regular subgraph depends
on the A-spectrum of this head. When the head is a complete graph, the
A-spectrum is known and, consequently, it is possible to explicit all the
eigenvalues of the matrices Aα and Lα. In this case, such spider graphs
constitute a subfamily of split graphs. As an immediate consequence of
Theorems 3.4 and 3.5, the following result states that the family of spider
graphs is neither Aα-DS nor Lα-DS.

Corollary 3.6. LetG1 andG2 be spider graphs such that V (G1) = K∪̇S∪̇R1,
V (G2) = K∪̇S∪̇R2 and suppose that [R1] and [R2] are d-regular connected
graphs, both with r vertices. If [R1] and [R2] are A-cospectral graphs, then
G1 and G2 are Aα and Lα-cospectral graphs.

Exemple 3.7. In 2003, van Dam and Haemers [25] showed that the 4-
regular graphs illustrated in Figure 2 are A-cospectral and its A-spectrum
is

S =

(
4,
√
5,

√
17− 1
2

, 1, (−1)[4],−
√
5,
−
√
17− 1
2

)
.

Figure 2: A-Cospectral regular graphs.

Corollary 3.6 states that, for each k ≥ 2, the spider graphs GH1(k)
and GH2(k) (respectively, GH1 [k] and GH2 [k]) are Aα-cospectral and Lα-
cospectral. From Theorem 3.4, the set {(k + 4 − λ)α + λ;λ ∈ S\{4}} is
contained in the Aα-spectrum of GH1(k) and GH1 [k]. In particular, the
Aα-characteristic polynomial of GH1(2) is given by

PAα(GH1
(2))(x) = (x−5α−1)(x−7α+1)

4[x2−(14α−1)x+12α2+α−1]g(x)h(x),

pc
fu-2
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where g(x) = x3− (14α+5)x2 + (14α2 +93α− 17)x− 86α2 +10α+4 and
h(x) = x4 + (1− 25α)x3 + (225α2 − 9)x2− (859α3 +123α2 − 123α+5)x+
1178α4 + 442α3 − 294α2 − 50α+ 20.

Let H1 and H2 be A-cospectral regular graphs. From Corollary 3.6,
the sets F1 = {(GH1(k), GH2(k)); k ≥ 2} and F2 = {(GH1 [k], GH2 [k]); k ≥
2} constitute infinite subfamilies of pairs of spider graphs that are Aα-
cospectral and Lα-cospectral. Furthermore, the same result can be used
to construct subfamilies of spider graphs such that no spider graph has a
cospectral mate, amongst the spider graphs. For example, in 1971 Cvetković [7]
showed that any regular graph of degree 2 is A-DS. Therefore, from Corol-
lary 3.6

F3 = {GCn(k); k ≥ 2} and F4 = {GCn [k]; k ≥ 2}

are examples of subfamilies of spider graphs such that no spider graph has
a cospectral mate, amongst the spider graphs. Other interesting examples
of infinite families of cospectral pairs of regular graphs are given in [10, 13,
14, 22].
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