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Universidad Católica del Norte, Chile

and
F. Rubilar
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1. Introduction

We present open questions about vector bundles and their moduli and dis-
cuss longstanding conjectures of Iitaka, Ulrich, Mercat, Butler, and Atiyah—
Jones. This note consists of 6 independent sections: Iitaka dimension, Ul-
rich and Buchsbaum bundles, Higgs and co-Higgs bundles, Brill—Noether
theory, local numerical invariants, and topology of moduli spaces. It is not
intended as a survey, we favored brevity over thoroughness. We simply
present the background notions necessary for stating our 25 open ques-
tions, which we believe might be useful for young researchers interested in
the study of vector bundles and their moduli.

The main goal of the text is to motivate research in the topic of vector
bundles and their geometry, which has been for many years a very fruitful
source of interesting and valuable mathematical results. Despite the fact
that some of the conjectures discussed here have been proved in particular
cases and moreover some counterexamples have been found, we consider it
interesting to look at the cases that remain open. Nevertheless, since we
are intending this text as a guide of future work for young researchers, we
provide many references. We observe that this special volume contains a
second paper with questions about vector bundles, written by Peter New-
stead, which focuses in Brill—Noether theory and coherent systems.

2. Iitaka dimension of vector bundles

A vector bundle on a smooth projective variety, when it is generically gen-
erated by global sections, yields a rational map to a Grassmannian, called
the Kodaira map (Def. 2.11). The Iitaka conjecture discusses the asymp-
totic behavior of the Kodaira maps for the symmetric powers of a vector
bundle. The theory of Iitaka fibrations and Iitaka dimension (Def. 2.3) is
well understood in the case of line bundles. However, in the more gen-
eral setup of higher rank bundles, the situation becomes more involved as
illustrated by the following long standing fundamental question.

Now we recall the definition of Kodaira dimension of a variety, which
will allow us to introduce an important conjecture by S. Iitaka.

Definition 2.1. [75, Ch.V.6] Let X be a projective variety. TheKodaira
dimension κ(X) of a variety X is the transcendence degree of the ring

R =
M
n≥0

H0(X,L(nKX)).



25 open questions about vector bundles and their moduli 405

Observe that this definition is just a particular case of Def. 2.3. See also
Ex. 2.4.

Conjecture 2.2 (Iitaka conjecture). The Kodaira dimensions associated
to a fibration F → E → B satisfy κ(E) ≥ κ(F ) + κ(B).

The conjecture was proved in dimension ≤ 6 by Birkar [31] but remains
open for higher dimensions (see [61]). We recall basic definitions and state
some open questions.

If L is a line bundle over a projective variety X, we can define a rational
map

φm:X-→ Ym ⊆ P(H0(X,L⊗m)),

whenever m is a positive integer such that H0(X,L⊗m) 6= 0; here Ym is the
closure of φm(X) in P(H

0(X,L⊗m)).
Set N(L) := {m ∈ N:H0(X,L⊗m) 6= 0}. For any m >> 0 in N(L), we

have rational maps φm:X-→ Ym. We will see that these φm are birationally
equivalent to the Iitaka fibration (Def. 2.6). The number κ(L) := dimYm
remains constant for sufficiently large m and is the Iitaka dimension of L,
that interests us in this section. Formally:

Definition 2.3. Assume that X is a normal projective variety and L→ X
is a line bundle. The Iitaka dimension of L is defined as

κ(L) = κ(X,L) := max
m∈N(L)

{dimφm(X)},(2.1)

provided that N(L) 6= (0). If H0(X,L⊗m) = 0 for all m > 0, one puts
κ(X,L) = −∞. IfX is non-normal, we pass to its normalization ν:X 0 → X
and set

κ(X,L) = κ(X 0, ν∗L).(2.2)

Finally, for a Cartier divisor D one takes κ(X,D) = κ(X,OX(D)).

Thus either κ(X,L) = −∞, or else 0 ≤ κ(X,L) ≤ dimX.

Example 2.4 (Kodaira dimension). Let X be a smooth projective va-
riety, and KX the canonical divisor on X. Then κ(X) = κ(X,KX) is the
Kodaira dimension of X. The Kodaira dimension of a singular variety is
defined to be the Kodaira dimension of any smooth model, that is, a smooth
projective variety birationally equivalent to X.
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Theorem 2.5 (Iitaka fibration). Let X be a normal projective variety,
and L a line bundle on X such that κ(X,L) > 0. Then for all sufficiently
large m ∈ N(X,L), the rational maps φm:X-→ Ym are birationally equiv-
alent to a fixed algebraic fiber space

φ∞:X∞-→ Y∞

of normal varieties, and the restriction of L to a very general fibre of φ∞ has
Iitaka dimension = 0. More specifically, there exists for large m ∈ N(X,L)
a commutative diagram

of rational maps and morphisms, where the horizontal maps are birational
and u∞ is a morphism. One has dimY∞ = κ(X,L). Moreover, if we set
L∞ = u∗∞L, and take F ⊆ X∞ to be a very general fibre of φ∞, then

κ(F,L∞|F ) = 0.

Definition 2.6. In the setup of Thm. 2.5, φ∞:X∞ → Y∞ is the Iitaka
fibration associated to L. It is unique up to birational equivalence. The
Iitaka fibration of a divisor D is defined by passing to OX(D).

Definition 2.7. The Iitaka fibration of an irreducible variety X is by
definition the Iitaka fibration associated to the canonical bundle on any
non-singular model of X. A very general fibre F of the Iitaka fibration
satisfies κ(F ) = 0.

Now we present an example, which is a result due to Ueno—Kawamata—
Kóllar.

Example 2.8. Let X ⊆ A be an n-dimensional irreducible subvariety of
an Abelian variety and denote by G the Grassmannian of n-dimensional
subspaces of the tangent space T0A. Then the Gauss map determines a
rational map

γ:X-→ Y = γ(X) ⊆ G,

which can be identified with the Iitaka fibration of X.

pc
eku-1
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Remark 2.9. [96, Ex. 2.1.9] The Iitaka dimension is not an invariant of
line bundles under deformations. Indeed, if L is a line bundle in 0(X), then
κ(X,L) = 0 if L is trivial or torsion, but κ(X,L) = −∞ otherwise.

In a recent paper, Mistretta and Urbinati [101] generalized this con-
struction for any vector bundle E → X, and Jow [84] gave a lower bound
for the Iitaka dimension of E, we recall the definition.

Definition 2.10. Let E be a vector bundle on a projective variety X, and
let U be an open subset of X. We say that

1. E is globally generated on U if the evaluation mapH0(X,E)→ Ex

is surjective for every point x ∈ U .

2. E is generically generated if it is globally generated on some
nonempty open subset of X.

3. E is asymptotically generically generated (AGG) if for some
positive integer m, the mth symmetric power SmE of E is generically
generated.

Definition 2.11. Let E be an AGG vector bundle of rank r on a projective
variety X. Let m be a positive integer such that SmE is globally generated
on a nonempty open subset U ⊂ X. Set the notation

σm(r) := rankS
mE =

Ã
m+ r − 1

m

!
.

Then we can define a rational map ϕm:X- → G(H0(X,SmE), σm(r)) by
sending a point x ∈ U to the σm(r)-dimensional quotient [H

0(X,SmE)SmEx]
of H0(X,SmE) under the evaluation map. We call ϕm the mth Kodaira
map of E.

Note that if rk(E) = 1 then the maps ϕm coincide with the maps φm
used in definition 2.3.

Theorem 2.12. [84, Thm. 3] Let E be an AGG vector bundle on a
complex projective variety X, and denote
N(E) = {m ∈ N|SmE is generically generated}. For each m ∈ N(E), let
ϕm the mth Kodaira map of E, and let Ym be the closure of ϕm(X). Then
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for all sufficiently large m ∈ N(E), the rational maps ϕm:X- → Ym are
birationally equivalent to a fixed surjective morphism of projective varieties

ϕG:XG → YG.

That is, there exists a commutative diagram

where the horizontal maps are birational and uG is a morphism.

In the setup of Thm. 2.12, we obtain the definition of Iitaka dimension
for a higher rank bundle.

Definition 2.13. The Iitaka dimension of E is

κ(E) = κ(X,E) := dimYG.

A very interesting result due to Mistretta and Urbinati [101, Rmk. 4.5]
says that if E is strongly semiample, then κ(X,E) = κ(detE).

LetX be a smooth projective variety. Fix numerical invariants, say rank
and Chern classes such that there exists a moduli space M of semistable
vector bundles on X. Let us first recall the definition of (semi)stability.

We recall the basic concept of stability that will be used here.

Definition 2.14. Let X be a compact complex manifold and E → X a
holomorphic vector bundle. Then if dimX = n > 1, then the degree of E
is

degE =

Z
X
c1(E) ∧ ωn−1,

where ω ∈ H2(X,Z). The form ω is called a polarization of E. The
definition of degree depends on the chosen polarization. The slope of E
is µ(E) := deg(E)/rank(E). Then E is slope stable (resp. semistable) if
µ(E0) < µ(E) (resp. µ(E0) ≤ µ(E)) for every proper subbundle 0→ E0 →
E.

We may now state questions about moduli spaces.

pc
eku-2
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Question 1. What are the properties of the stratification of the open part
of M parametrizing stable vector bundles obtained by loci of fixed Iitaka
dimension?

Question 2. If dimX > 1, then in the properly semistable part of M
there are points associated to non-locally free sheaves. What is the opti-
mal adaptation of the definition of Iitaka dimension to this more general
situation?

Then, once Question 2 has been solved, in the same spirit of Question
1, we ask:

Question 3. What are the geometric features of the stratification of the
subset ofM parametrizing equivalence classes of properly semistable sheaves
on X obtained by loci of fixed Iitaka dimension?

3. Ulrich and Buchsbaum bundles

Let (X,L) be a polarized pair, that is, an integral projective variety X (or
just a projective scheme) and an ample line bundle L onX. Set n := dimX.
Let E be a coherent sheaf on X whose stalks at all x ∈ X are OX,x-modules
with depth n, see [59]. If X is smooth, then E is locally free.

Definition 3.1. A coherent sheaf E on a polarized pair (X,L) is called
arithmetically Cohen—Macaulay (ACM) if the following conditions hold:

ι. E is locally Cohen—Macaulay, that is, the depth of the stalk Ex equals
dimOX,x for any point x in X,

ιι. Hi(E ⊗ L⊗t) = 0 for all t ∈ Z and i = 1, ..., dimX − 1.

Note that this definition of Arithmetically Cohen—Macaulay sheaf (or
ACM) depends on the polarization L and it is an open condition, hence
in any moduli space M of vector bundles on X it is satisfied on an open
subset, which is possibly empty. Examples for surfaces appear in [22] and
some examples for fourfolds are presented in [52]. A stronger requirement
that an ACM sheaf may satisfy is to be Ulrich. Ulrich bundles (when they
exists) seems to be the building blocks of the derived category Db(X). A
fundamental question concerning Ulrich bundles is stated in 5, but first we
give a formal definition.
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Definition 3.2. [24] Let E be a vector bundle on a smooth variety and
X ⊂ PN . We say that E is an Ulrich bundle if one of the following
(equivalent) conditions is satisfied:

1. There exists a linear resolution

0→ Lc → Lc−1 → . . .→ L0 → E → 0

with c = (X,PN ) and Li = OPN (−i)bi .

2. The cohomology H•(X,E(−p)) vanishes for 1 ≤ p ≤ dim(X).

3. If π:X → Pdim(X) is a finite linear projection, then the vector bundle
π∗(E) is trivial.

The equivalence of the three conditions above is a result of Eisenbud—
Schreyer—Weyman [60]. [56] surveys the main results and developments of
the theory of Ulrich bundles in the last 30 years. Other useful references
are [3, 50, 55].

Remark 3.3. A recent paper by F. C. Yhee [125] gives examples of a
non-normal local integral domain without Ulrich modules. The examples
are localizations of non-normal finitely generated integral domains over
C. Work in progress by the first author and collaborators is modifying the
examples of Yhee to obtain an exact characterization of integral non-normal
projective variety X without Ulrich sheaves.

Question 4. Does there exist a normal variety X without Ulrich sheaves?

A very open conjecture (on which we are skeptical but is part of the
mathematical folklore) says:

Conjecture 3.4 (folklore). Ulrich bundles exist on any polarized pair
(X,L).

There are many papers describing Ulrich sheaves on specific choices of
(X,L) such as [24, 50, 51, 52, 97] and references therein. The reader may
be interested in this list, because usually such sheaves give good insights
about the derived categories of coherent sheaves Db(X). Our question in
this topic is:

Question 5. Which smooth projective varieties carry Ulrich bundles?
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The original conjecture by Ulrich is the quite optimistic expectation of
existence.

Conjecture 3.5 (Ulrich). Every smooth projective variety X ⊂ PN has
an Ulrich bundle.

The next special types of vector bundles we consider are Buchsbaum
bundles.

Notation 3.6. Let X be a smooth and connected n-dimensional manifold
with n ≥ 2 such that hi(OX) = 0 for all i = 1, . . . , n − 1. We denote by
A(X) the set of all ample lines bundles L on X satisfying hi(L⊗t) = 0 for
all t ∈ Z and all i = 1, . . . , n− 1.

Question 6. Under what conditions isA(X) nonempty? What is dimA(X)?

For a fixed positive integer r we focus now on a case when A(X) is quite
large.

Question 7. What are the properties of the subset A(X, r) of all rank
r vector bundles E on X such that hi(E ⊗ L⊗t) = 0 for all t ∈ Z, all
i = 1, . . . , n− 1 and all L ∈ A(X)?

Definition 3.7. A vector bundle E is said to be weakly k-Buchsbaum
with respect to a line bundle L, if for each t ∈ N the evaluation map
H0(L⊗k) ⊗ H0(E ⊗ L⊗t) → H0(E ⊗ L⊗(t+k)) has maximal rank, i.e. it
is either injective or surjective. Fix any subset Σ ⊆ A(X). E is called
weakly k-Buchsbaum with respect to Σ if it is weakly k-Buchsbaum
for all L ∈ Σ.

For the varieties X considered here, duality gives hi(ωX) = 0 for all
i = 1, . . . , n− 1. If X is a product of projective spaces, then by Kunneth’s
formula, A(X) equals the set of all ample line bundles. As consequence of
Horrock’s theorem, over a projective space Pn with n ≥ 2, we have that
E ∈ A(Pn, r) if and only if it splits, that is, E ∼= ⊕ri=1OPn(ai) for some
a1 ≥ · · · ≥ ar.

There is at the moment no complete classification of k-Buchsbaum vec-
tor bundles, not even if we restrict to complex manifoldsX of an elementary
nature. So, a natural question is:

Question 8. What properties characterize the set of all weakly k-Buchsbaum
vector bundles on a n-dimensional complex manifold X?

We suggest starting with the cases of Pa ×Pn−a and (P1)n and com-
paring them.
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4. Higgs and co-Higgs bundles

There exist many concepts of decorated bundles. One of the motivations to
adding decorations is the search for fine moduli spaces. Classical concepts
of decoration are stable, semistable, and parabolic bundles, which belong
to a vast literature [73, 74, 82, 99, 102, 103]. More recent decorations
were obtained by adding Higgs bundles, with the name being motivated
by the physics concepts of a Higgs field. Higgs bundles were introduced
by N. Hitchin [76, 77, 78, 79] and a huge number of papers explores them.
The interested reader may find examples in [45, 42] and for moduli space of
unstable Higgs bundles see for instance [72]. The notion of co-Higgs bundles
was introduced by S. Rayan in 2011 [112]. The case of co-Higgs sheaves
has been less studied, because they are much less common, as Proposition
4.8 shows. A good reference for the state of art on both Higgs and co-
Higgs bundles is [119]. We first recall basic definitions and then state open
questions.

Definition 4.1. Let X be a smooth complex projective variety.

• A Higgs bundle on X is a pair (E,ϕ), where E is a holomorphic
vector bundle and ϕ:E → E ⊗ Ω1X , the Higgs field, is a holomorphic
1-form with values in (E) such that ϕ ∧ ϕ = 0.

• A co-Higgs bundle on X is a pair (E,ϕ), where E is a holomorphic
vector bundle and ϕ:E → E⊗TX the co-Higgs field, is a holomorphic
vector field with values in (E) such that ϕ ∧ ϕ = 0.

Remark 4.2. When dimX = 1 the integrability condition is automati-
cally satisfied.

Example 4.3. In the simplest examples E is a line bundle and ϕ is a
holomorphic 1-form.

Now, we present the notion of stability for Higgs bundles following N.
Hitchin [77, Def. 3.1].

Definition 4.4. Let (E,ϕ) be a Higgs bundle on X and let
µ(E) = deg(E)/rk(E) be the slope of E. We say that (E,ϕ) is stable if

µ(U) < µ(E)(4.1)

for any proper subbundle U of E satisfying ϕ(U) ⊆ U ⊗ T ∗X .
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Remark 4.5. Setting ≤ instead of < in (4.1) we obtain the notion of
semistability for Higgs bundles. Furthermore, if we replace T ∗X for TX we
obtain the notion of stability for co-Higgs bundles, see [112, Def. 1.6].

Remark 4.6. One of the most important features of Higgs bundles is that
they have continuous moduli, i.e., they come in families parametrized by
the points of a geometric space (in fact, a quasi-projective variety) known
as their moduli space.

Example 4.7. Moduli spaces of Higgs bundles on Riemann surfaces are
noncompact hyperkähler manifolds.

Def. 2.14 and imposing that every subbundle U ⊂ E must be ϕ invari-
ant, that is, ϕ(U) ⊂ U ⊗ TX , see [112, Def. 1.6].

In the subject of Higgs bundles and co-Higgs bundles we emphasize the
so called logarithmic case, i.e. the case of a pair (X,D) with D effective
divisor, e.g. with simple normal crossing. When X is a smooth projective
curve and D is a finite set, the setup (X,D) is called a punctured Riemann
Surface.

In such a case, without assuming the integrability condition, we get the
definitions of Higgs and co-Higgs fields. We always assume f 6= 0. A Higgs
(or co-Higgs) subsheaf is a Higgs (resp. co-Higgs) sheaf (G,h) with G ⊂ E
and h = f|G. Any polarization on X gives a notion of stable and semistable
Higgs (or co-Higgs) sheaf for which there are moduli spaces.

Proposition 4.8. [113, § 3] Semistable bundles with nontrivial co-Higgs
structure do not exist on smooth curves of genus ≥ 2.

Roughly speaking, the existence of stable co-Higgs bundles determines
the position of X towards a negative direction in the Kodaira spectrum.
For instance, M. Corrêa proved that if dim(X) = 2, the existence of a
semistable co-Higgs bundle (E, f) of rank 2 with f nilpotent, implies thatX
is either uniruled, a torus, or some specific elliptic surface, up to finite étale
cover [54]. Nevertheless, they are interesting varieties as attaining some
of the extremal cases for the generalized geometric structures considered
by N. Hitchin and M. Gualtieri [71, 78, 79]. The following is a partial list
of the papers studying these notions and some of their extensions, such
as principal co-Higgs bundles, homogeneous Higgs and co-Higgs bundles,
Toric co-Higgs bundles, logarithmic co-Higgs sheaves, [53, 17, 18, 19, 20,
21, 37, 38, 54, 71, 77, 112, 113, 114].
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There is an obvious extension of the notion of Higgs or co-Higgs field to
a collection of fields; namely, fixing an integer r ≥ 2 and take r Higgs or co-
Higgs fields f1, . . . , fr on the same manifold, which then leads associated no-
tions of semistability and stability and moduli spaces. Requiring addition-
ally that f1, . . . , fr be linearly independent we obtain equivalent notions.
Alternatively, taking r-dimensional linear subspaces of H0(End(E)⊗ Ω1X)
or H0(End(E) ⊗ TX) also leads to equivalent definitions. However a re-
quirement of integrability ought to be added. In case dimX > 1 various
inequivalent concepts of integrability are possible. We prefer the strongest
one: impose that fi ∧ fj = 0 for all i, j. For instance, this is the case
considered for the 2-nilpotent co-Higgs structures studied in [18, 54] and
references therein.

Question 9. Let E be a vector bundle on X. If dimX > 1, the set of all
co-Higgs (or Higgs) structures on E is not in general a linear space. What
is the maximal dimension of a linear space of integrable maps E → E⊗TX
(or E → E ⊗ Ω1X)?

Remark 4.9. If dimX > 1 it is much easier to construct elements of
H0(Hom(E,KX⊗E)) or H0(E, TX⊗E), that is, global sections of KX⊗E
(resp. TX ⊗ E) with no integrability condition, than to find Higgs or co-
Higgs bundles, because the integrability conditions are cut out by nonlinear
equations. In the examples, say X = P2, E split or TP2, these additional
equations are quadratic ones. Thus nonexistence theorems for such sec-
tions are harder to prove. Some nonexistence results follow directly from
[17, Thm1.1], [17, Prop. 2.8], and [18, §3], where they are stated together
with considerations about the implications to the nonexistence of co-Higgs
fields. But certainly the interested reader may find many other nonexis-
tence theorems for co-Higgs fields by considering other rational complex
projective manifolds. We only pose a nonvague question in the case of
multiprojective spaces Pn1 × · · ·Pnk , in which case the main difficulty is
given by the Picard group being isomorphic to Zk, but broader situations
are also of interest.

Let X = Pn1 × · · · ×Pnk , k ≥ 2, be a multiprojective space. A natural
question is:

Question 10. with respect to any polarization OX(a1, . . . , ak), ai > 0 for
all i. How is the moduli space of low rank co-Higgs bundles on X affected
by a change of polarization?
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Recall that the Segre—Veronese embedding of X associated to
OX(a1, . . . , ak) is related to partially symmetric tensors. From the point
of view of tensors, the most important polarization the one with ai = 1 for
all i. For geometry, the most important polarization is the anticanonical
one (with ai = ni + 1 for all i). Thus, if ni 6= nj for some i, j, there
is no preferred choice of polarization, hence a solution to question 10 is
fundamental.

5. Brill—Noether theory

We consider the Brill—Noether theory of stable and semistable vector bun-
dles on a smooth and connected projective curve. The case of singular, but
integral curves, mainly nodal curves, is discussed in work of U. N. Bhosle
[27, 28] and references therein. The case of reducible curves appeared in
[26, 34, 35] and we will discuss it in subsection 5.3. Further classical results
of Brill—Noether theory appear in [86, 87, 88, 89, 90]. See the survey and
list of open problems by Peter Newstead in [104] of this special volume
of Proyecciones, discussing higher rank Brill—Noether theory and coherent
systems on algebraic curves.

Now assume X is a curve of genus g ≥ 2 and let M(X, r, d) denote
the moduli space of stable rank r vector bundles on X with degree d. The
varietyM(X, r, d) is smooth and irreducible of dimension r2(g − 1) + 1.

Definition 5.1. The rank r Brill—Noether locus is defined as

B(r, d, k)(X) := {E ∈M(X, r, d) : h0(E) ≥ k}

and the Brill—Noether number is defined as

β(r, d, k)(X) := r2(g − 1) + 1− k(k − d+ r(g − 1)).

We will omit X whenever it is clear from the context.

If rank r = 1 and β(r, d, k) ≥ 0, then B(r, d, k) 6= ∅. Fundamental
results of Brill—Noether theory describe the case when r = 1 [4, Ch.V]
showing that for a general variety:

• B(1, d, k) 6= ∅ if and only if β(1, d, k) ≥ 0,

• dimB(1, d, k) = β(1, d, k), and

• if β(1, d, k) > 0 then B(1, d, k) is irreducible.
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For r ≥ 2 the situation is more complicated even for a general X, and
25 years ago P. E. Newstead asked for a complete description of these loci
(nonemptiness, dimension, irreducibility when of positive dimension, and
smoothness as in the Gieseker—Petri case, i.e. B(1, d, k + 1) is the singular
locus of B(1, d, k)). These expected statements were not quite true (even
the existence/nonexistence part). Many results if this direction are known,
and the list of references is long, with many results obtained for very low
genera or for low rank [44, 80, 86, 87, 88, 89, 90, 100].

Question 11. What is the relation between the Brill—Noether theory for
line bundles on X and the Brill—Noether theory for stable rank r ≥ 2 vector
bundles on X?

A generalization of this question, called Bertram—Feinberg—Mukai con-
jecture, appears in [126].

We now discuss the concept of Clifford indices, and then propose a com-
parison with Brill—Noether numbers. The Clifford index γC (or Cliff(C))
of a curve C measures the complexity of the curve inside its moduli space.
In [85] Lange and Newstead proposed the following definition as a general-
ization of γC for higher rank vector bundles.

Definition 5.2. Let E be a semistable vector bundle of rank n and degree
d on a curve C of genus g. The Clifford index of E is defined as :

γ(E) := µ(E)− 2
n
h0(C,E) + 2 ≥ 0

where µ(E) = d/n, and the higher Clifford indices of C (of genus g ≥ 4)
are defined as:

γn(C) = min{γ(E) : E ∈ UC(n, d), µ(E) < (g − 1), h0(C,E) ≥ 2n}.

This definition can be extended for genera less than 4, see [104, Sec. 3] for
details. Now we recall an old conjecture by V. Mercat concerning Clifford
indices, originally stated in [100].

Conjecture 5.3 (Mercat). Let E be a semistable vector bundle of rank
n and degree d.

1. If γ1 + 2 ≤ µ(E) ≤ 2g − 4− γ1, then h0(E) ≤ d−nγ1
2 + n.

2. If 1 ≤ µ(E) ≤ γ1 + 2, then h0(E) ≤ 1
1+γ1

(d− n) + n.
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Even though many counterexamples are known, see for instance [116],
the conjecture has been proved in some cases, [6], so still it remained unclear
whether a weaker conjecture may describe well the situation of high genus.
After the first counterexamples, the conjecture was solved in some low
rank cases for curves with very low gonality (i.e. the lowest degree of a
nonconstant rational map to P1) with respect to their genus. Subsequently,
this line of study was interrupted, while complete descriptions for cases of
low genera appeared in papers of Lange and Newstead see for instance
[86, 87, 88]. It would be interesting to understand the relation between the
2 lines of work. The question we propose is:

Question 12. Fix rank r = 2 and high genus. What is the relation be-
tween the Brill—Noether loci and the loci of fixed Clifford indices?

5.1. Coherent systems and triples

The concept of coherent system was developed as a very strong tool for the
study of the Brill—Noether theory of vector bundles and related topics such
as Butler’s conjecture (considered in subsection 5.2). Coherent system is
an interesting concept even for g = 0, 1. Let X be a smooth and connected
projective curve of genus g.

Definition 5.4. [43, 107] A coherent system of multidegree (r, d, v) on
X is a pair T = (E, V ), where E is a rank r vector bundle on X of degree
d and V is a v-dimensional linear subspace of H0(E). A coherent sub-
system (E0, V 0) of E is a coherent system (E0, V 0) with E0 a subsheaf of E
and V 0 ⊆ V ∩H0(E). Note that we do not assume that E0 is a subbundle
of E.

For each real number α ≥ 0 the α-slope µα(T ) of T is the real number
d
r + αv

r .

Using the α-slope of T and of its coherent subsystems we obtain con-
cepts of α-stability and α-semistability for coherent systems. Let U(X, r, d, α)
denote the moduli space of (equivalence classes of) α-semistable coherent
systems of type (r, v). For fixed r, d and v there are finitely many pos-
itive real numbers α1 < · · · < αt (called the critical values) such that
proper α-semistability may occur only if α ∈ {α1, . . . , αt}. In such a case
U(X, r, d, α) is constant when α < α1, in the open intervals (αi, αi+1), and
when α > αt. Therefore,

lim
α→0+

U(X, r, d, α) and lim
α→+∞

T (X, r1, r2, d1, d2, α)
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are well-defined and very interesting. When α crosses αi the moduli space
may change, but usually in a controlled way.

A holomorphic triple on X is a triple T = (E1, E2, f), where E1 and
E2 are vector bundles on X and f : E2 → E1, see [40, 41, 110, 111, 47]. A
subtriple of T is a triple (E01, E

0
2, f

0), where E0i is a subsheaf of Ei, f(E
0
2) ⊆

E01 and f 0 = f|E02 . For each real number α > 0 the α-slope µα(T ) of T is
the real number

µα(T ) :=
deg(E1) + deg(E2) + αrk(E2)

rk(E1) + rk(E2)
.

Using the α-slopes of all subtriples of T we get the notions of α-stable
and α-semistable triples.

Let T (X, r1, r2, d1, d2, α) denote the set of (equivalence classes of) holo-
morphic triples with ranks r1, r2 and degrees d1, d2. As in the case of
coherent systems for fixed d1, d2, r1 and r2 there are finitely many pos-
itive rational numbers α1 < · · · < αt (called the critical values) such
that proper α-semistability may occur only if α ∈ {α1, . . . , αt}. Simi-
larly, T (X, r1, r2, d1, d2, α) is constant when α < α1, in the open intervals
(αi, αi+1), and when α > αt. Therefore,

lim
α→0+

T (X, r1, r2, d1, d2, α) and lim
α→+∞

T (X, r1, r2, d1, d2, α)

are well-defined and very interesting. The rational numbers αi are eas-
ily computed, because they are the only positive real numbers for which
a properly semistable triple with numbers r1, r2, d1, d2 may have a proper
subsheaf with the same slope. Obtaining all αi is done in steps, first check-
ing all (k1, k2) with ki ∈ {0, 1, . . . , ri}, (k1, k2) /∈ {(0, 0), (r1, r2)} and so on.
When α crosses αi the moduli space may change, but usually in a controlled
way.

A detailed study of the sets S(αi) of the equivalence classes of properly
αi-semistable triples is needed. These are the walls that separate the moduli
space of αi-semistable bundles. Crossing αi on the left or on the right, the
open chambers are again α-stable, while some of the walls disappear (they
go to α-unstable bundles) and some of the walls are promoted to α-stable
triples, so that two chambers may merge. The case g = 0 is studied in
[91, 93, 94, 105, 110] and the case g = 1 in [92, 95, 111, 120] among others.
we ask for the details in the next case.
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Question 13. What is the configuration of walls and what are the limits
to +∞ and to 0+ for genus 2 curves? (it should not depend on the genus
2 curve).

In general one may associate a moduli space to any quiver of maps
between vector bundles on the same scheme, e.g. [1]. Coherent systems
and holomorphic triples were considered in the setup of logarithmic co-
Higgs in [19, §7].

5.2. Butler’s conjecture

Let X be a projective scheme and E a rank r vector bundle on X. Set n :=
dimX. Assume that h0(E) ≥ n+ r and E is globally generated. For each
integer v such that v ≥ n+r let G(E, v) denote the set of all v-dimensional
linear subspaces of H0(E). An easy lemma ascribed to Serre says that a
general W ∈ G(E, v) spans E, i.e. the evaluation map eE,W :W ⊗OX → E
is surjective. Thus ME,W := ker(eE,W ) is a rank v− r vector bundle on X.
Now assume dimX = 1. More than 25 years ago D. C. Butler conjectured
(Conj. 5.5) that ME,W is semistable when X is general and E is general
in B(r, d, v)(X) [48]. Many particular cases were solved, but not all, and
no counterexample was found in the smooth case, see [46] and references
therein. In [29, Thm. 5.1] conjecture 5.5 was proven for line bundles on
a general smooth curve. Nevertheless, for a smooth projective curve X
of genus g ≥ 2 and E a rank r > 1 vector bundle on X, the following
conjecture remains open.

Conjecture 5.5 (Butler). For C a general curve of genus g ≥ 1 and a
general choice of (E,V ) the bundle ME,V is semistable.

5.3. Reducible curves

Now we consider a reduced and connected projective curve X with s ≥ 2
irreducible components X1, . . . ,Xs. For each S ⊆ {1, . . . , s} set XS :=
∪i∈SXi and XSc := ∪i/∈SXi. Thus X∅ = X{1,...,s}c = ∅, while in all other
cases the connectedness of X implies that the scheme ZS := XS ∩XSc is a
nonempty zero-dimensional scheme. We will always regard ZS as a scheme,
not just a set, but if X is nodal then each ZS has a reduced structure. Let
jS:XS → X denote the inclusion. Set zS := deg(ZS). Obviously ZS = ZSc .

The study of vector bundles on reducible curves appears in the funda-
mental work of M. Teixidor i Bigas [120, 121, 122, 123] and of Teixidor i
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Bigas and collaborators in [49, 70, 105]. For questions about stability of
bundles on reducible curves see [98].

Definition 5.6. The connectedness degree of X is the minimum of all
integers zS, with S 6= ∅, S 6= {1, . . . , s}.

In the case of other singular varieties, to obtain the strongest results
it is necessary to allow non-locally free coherent sheaves, as usual. Let F
be a coherent sheaf on X. F is said to have depth 1 if all of its nonzero
stalks have depth 1. Obviously a vector bundle has depth 1. Any nonzero
subsheaf of a depth 1 sheaf has depth 1. To speak about stability we need
a polarization on X, i.e. a vector w = (w1, . . . , ws) ∈ Rs with wi > 0 for
all i. To obtain good moduli it is not sufficient to fix the rank of the vector
bundle E and the multidegree (d1, . . . , ds) of E, it is necessary to use all zS
and their relation with w1, . . . , wn and the multidegree of E. We suggest
[30] as an inspiration. To start with the concepts of gonality and Clifford
index for a stable reducible curve need to be clarified.

Remark 5.7 (Counterexample of Brivio—Favale). Let X be a curve
with two smooth components and a single node, i.e. assume X nodal, s = 2
and z1 = 1. Thus, the arithmetic genera satisfy pa(X) = pa(X1) + pa(X2)
and the integers (pa(X1), pa(X2)) are the only numerical invariants of X.
If pa(Xi) ≥ 3 for some i, even the Brill—Noether theory of line bundles on
X, may depend on the isomorphic classes of X. S. Brivio and F. Favale [35]
proved that for this reducible curve Butler’s conjecture fails quite often, in
non-pathological cases.

Question 14. What assumptions in the case of a reducible curve imply a
positive answer to Butler’s question?

In particular, for the counterexample of Brivio—Favale, we might need
to assume that the rank is small with respect to the integer z1 and choose
a suitable polarization (w1, w2).

6. Local numerical invariants

Consider the situation of a vector bundleE (or a sheaf) on a varietyX and a
subvariety Y ⊂ X. We wish to study local numerical invariants of E around
Y such as local characteristic classes, that depend only on the behaviour
of E on a small (analytic) neighborhood N of Y . The neighborhood can
be intuitively though of as the normal bundle of Y inside X.

We start by stating an open question of very large scope:
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Question 15. What should be the axioms for a general theory of local
characteristic classes of vector bundles around a contractible subvariety?

Once a specific concept of local invariant has been chosen, three other
questions follow immediately.

Question 16. What are its admissible numerical values?

That is, one wants to have bounds for the invariant in terms of the
restriction of E to Y . Then, we also want to know which intermediate
values actually occur for some bundle, giving a question about existence.

Question 17. Which admissible values of the local invariant are realized
by some vector bundle?

Once existence is obtained for a fixed value, there comes the correspond-
ing question of moduli.

Question 18. What is the moduli space of all vector bundles on N with
prescribed local numerical invariants?

Remark 6.1. Questions about local numerical invariants have many ap-
plications to mathematical physics. See for instance applications to the
local charges of instanton presented in [65, 66, 67].

One of the simplest concepts of local invariant is the local holomor-
phic Euler characteristic around a contractible subvariety. We recall the
definition.

Definition 6.2. [33, Def. 3.9] Let π: (Z, ) → (X,x) be a resolution of an
isolated quotient singularity, F a reflexive sheaf on Z and n := dimX. The
local holomorphic Euler characteristic of π∗F at x is

χ(x, π∗F) := χ( ,F) := h0(X, (π∗F)∨∨/π∗F) +
n−1X
i=1

h0(X,Riπ∗F).

When X is a compact orbifold, Blache [33] showed that the global Euler
characteristics of X and its resolution are related by

χ(X, (π∗F)∨∨) = χ(Z,F) +
X

x∈SingX
χ(x, π∗F).
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The local holomorphic Euler characteristic has been intensively studied
in the case of a local surface containing a contractible rational surface. For
the surfaces

Zk := (OP1(−k))

local χ was studied in the context of computational algebraic geometry
[68, 14], singular varieties [64], applied to questions of the moduli spaces
of vector bundles [63, 13, 25, 23], to bundles on blow-ups [62, 12] and
to questions of existence and decay of instantons in mathematical physics
[65, 66, 67]. Nevertheless, even in such case, fundamental questions of
existence remain open.

For the case of Z1, that is, the blow-up of a smooth point, [8, 9] gave
sharp bounds and proved existence of vector bundles with all admissible
values of numerical invariants. Questions of existence are essential to the
study of moduli. For instance, for the rank 2 case, [14, Thm. 4.15] showed
that the pair of invariants (w,h) := (h0(X, (π∗F)∨∨/π∗F), h0(X,R1π∗F))
stratifies the moduli stacks of bundles on Zk into Hausdorff components,
whereas their sum, the local χ, does not by itself produce such a stratifica-
tion. Motivated by their applications to the physics of instantons, the local
invariants w and h are called width and height respectively. The following
question has only been completely solved in the case of k = 1.

Question 19. Let (w, h) be admissible values of local invariants on Zk,
that is, they satisfy the bounds of [14, Cor. 2.18]. Does there exist a vector
bundle E on Zk with (w(E),h(E)) = (w,h)?

A solution to question 19 will have applications to question of existence
and decay of instantons via the Kobayashi—Hitchin correspondence. Other
open questions about these local numerical invariants in the context of
singular varieties are stated in [64].

The next cases to study are those of local threefolds. There are two clear
directions of study. That of the total space of a line bundle on a surface and
that of a rank-2 bundle on a curve. The former was considered in [10, 11]
but otherwise has not been sufficiently explored, whereas the latter has been
intensively studied, especially in the case of a 3-dimensional neighborhood
of a contractible curve. In particular, a type of duality occurs between
the 2 and 3 dimensional cases, providing isomorphisms of moduli spaces of
vector bundles, see [2].

One of the most important cases for us is that of Calabi—Yau threefolds,
which in the case of a contractible curve leads us to the following situation.
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Contraction of a rational curve on a Calabi—Yau threefold W may occur
in 3 cases [83], namely N /W must be isomorphic to one of

W1 := OP1(−1)⊕OP1(−1), W2 := OP1(−2)⊕OP1(0) , or
W3 := OP1(−3)⊕OP1(+1).(6.1)

Let us denote byWk any of the previous Calabi—Yau threefolds in (6.1).
We present some open questions whose solutions would lead to a better
understanding of local numerical invariants for threefolds.

Question 20. What local invariants stratify the moduli of holomorphic
vector bundles on Wk for k ≥ 1 into Hausdorff components (in the analytic
topology)?

Once question 20 is resolved, then we have:

Question 21. Construct a Hausdorff stratification of the moduli stack
Mn(Wk) of holomorphic bundles on Wk with χ( , E) = n.

While this question is partially solved for W1, the situation for k ≥ 2 is
widely open. [64, Thm. 5.1] gives sharp bounds for the local holomorphic
Euler characteristic χ( , π∗E) in the case of rank 2 vector bundles on W1,
and [64, Thm. 5.3] gives bounds for h1(W1, End(E)). A natural question
is:

Question 22. Is every admissible value of h1(W1, End(E)) realized by
some vector bundle E?

We stop here, having given a few basic questions. Nevertheless, an
entire theory of local characteristic classes ought to be developed. We hope
that these questions motivates some readers towards such a task.

7. Topology of moduli spaces

The study of moduli of vector bundles is a central topic in algebraic geome-
try and related areas such as algebraic topology and mathematical physics,
for the foundational theory see [117]. In [115], S. Rayan proposed a num-
ber of open questions concerning the topology of moduli of both Higgs
and co-Higgs bundles which connect to holomorphic triples, as presented in
Sections 4 and 5. Here we focus on questions about moduli spaces related
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to instantons. A fruitful application to physics is the study of instanton
moduli spaces, which connects to the study of moduli of bundles via the
celebrated Kobayashi—Hitchin correspondence, summarized as:

(
irreducible SU(2)− instantons

instantons of charge n

)
↔
(
stable SL(2,C)− bundles

with c2 = n

)
.

The literature on instanton moduli contains strong results, such as the
seminal works of Donaldson [57, 58]. Atiyah and Jones [5] proved a funda-
mental result about the homology of moduli spaces of SU(2)-instantons on
the sphere S4, namely they showed that the inclusion of the moduli space
of instantons of charge k into the moduli space of all connections modulo
gauge equivalence is a surjection in degrees lower than k. The result pro-
motes the spirit of Morse theory to infinite dimensional spaces, showing
that homology in low degree is detected by the critical sets of the Yang—
Mills functional. [5] conjectured that this inclusion induces isomorphisms
in homology and homotopy for the same low degree range. The statement
is known as the Atiyah—Jones conjecture and the question has been gen-
eralized to any 4-manifold M . Let us denote by Mk the moduli space of
SU(2) instantons on X of charge k. For a principal bundle Pk with c2 = k
on X let Bk be the space of gauge-equivalence classes of connections on Pk.
Then we can state a generalized version of the Atiyah—Jones conjecture as
follows.

Conjecture 7.1 (Generalized Atiyah—Jones conjecture). Let X be
a 4-dimensional real manifold. Then the inclusion θk:Mk → Bk induces
isomorphisms in homology and homotopy, that is,

• (θk)t:Ht(Mk)→ Ht(Bk), and

• (θk)t:πt(Mk)→ πt(Bk),

are isomorphisms for t ≤ q = q(k).

The Atiyah—Jones conjecture was proven in some cases: for SU(2) in-
stantons on S4 by Boyer, Hurtubise, Mann, and Milgram [39], for SU(n)
instantons on S4 by Tian [124], for ruled surfaces by Hurtubise and Milgram
[81], and for rational surfaces by Gasparim [63]. The conjecture remains
open in all other cases. In particular, the case of irrational surfaces is
missing.
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Question 23. Is the Atiyah—Jones conjecture true for any irrational com-
plex surface?

The conjecture compares the topology of a moduli space of vector bun-
dles with fixed Chern classes with the topology of the space obtained in
the limit when the top Chern class goes to infinity. Such studies in gen-
eral require a choice of stability and an analysis of the subset of unstable
bundles. Our results in [16] argue that the intermediate step of choosing
stability is negligible for the understanding of the stable limit, simplifying
the technical steps to compare the topology of the moduli spaces to that of
the corresponding stacks. (For the basic theory of stacks see for instance
[69, 108, 109] and for moduli of bundles on stacks see [106, 118].)

In [16], we compare the homology of the moduli spaceM of rank 2 vector
bundles on certain surfaces of general of general type to the irreducible
component the moduli stack Ms of vector bundles which contains stable
bundles. We prove the following result.

Theorem 7.2. [16, Thm. 18] Assume c2 >> 0, and let Σ1,Σ2 be Pic-
independent smooth projective curves. Then, for q < c2 we have

Hq(Mc2(Σ1 ×Σ2),Ms
c2(Σ1 ×Σ2)) = 0.

Since we proved this result in the particular case of surfaces of general
type which are product of curves, a natural question would be the following.

Question 24. Does a generalization of Thm. 7.2 holds for any surface of
general type?

The question can also be stated in further generality for any surface
and furthermore for varieties of higher dimension. The underlying theme
is a comparison of Kuranishi deformation theory as it described the local
structure of moduli spaces and moduli stacks.

A more fundamental question is to actually determine the geometry of
moduli spaces of vector bundles or instantons. [7] discusses the fundamental
group of the moduli spaces of instantons on rational surfaces, but, a general
result in this direction is lacking. So, we end up this note asking about the
geometry of moduli on a complex surface X.

Question 25. What is the fundamental group of the moduli space of in-
stantons (or holomorphic bundles) on X?
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Certainly, we would like to know higher homotopy groups as well, but it
is important to clarify that even the knowledge of the fundamental groups
of instanton moduli is still missing.

Finally, on a related topic, note that the local version of a moduli space
is a deformation space. The reader interested on aspects of deformation
theory might also consider reading the list of 20 open questions we men-
tioned in [15].
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