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1. Introduction

Domination problems are one of the extensively studied problems in graph
theory as those can be applied to solve numerous problems in other fields
of knowledge [1]. Let G = (V,E) be a graph. A subset D of V is said to be
a dominating set of G if every vertex is in D or is adjacent to some vertex
in D, i.e., v ∈ V implies that v ∈ D or there exists u ∈ D such that uv ∈ E.
A dominating set of G with minimum cardinality is called the domination
number of G and is denoted by γ(G), or simply by γ.

A lots of variations of the domination problems are available in the lit-
erature. The concept of degree equitable domination was introduced by
Prof. E. Sampathkumar. A subset De of V is said to be an equitable dom-
inating set if for every v ∈ V \ De there exists u ∈ De such that uv ∈ E
and |deg(u) − deg(v)| ≤ 1, where, deg(u) and deg(v) denote the degree of
the vertices u and v respectively. We call a vertex u ∈ V to be equitably
dominated by another vertex v ∈ De if uv ∈ E and |deg(u)− deg(v)| ≤ 1.
It is obvoius that every vertex equitably dominates itself. An equitable
dominating set with minimum cardinality is called the minimum equitable
dominating set and its cardinality is called the equitable domination num-
ber. Equitable domination number of the graph G is denoted by γe(G). If
there is no ambiguity, simply γe is also used to denote it.

Swaminathan and Dharmalingam [2] determined equitable domination
number of some basic graphs like complete graph, path, cycle, wheel graph
etc. Later, Sugumaran et al. [3] determined equitable domination numbers
of some other graphs such as lollipop Lm,n, butterfly BF (m,n), jellyfish
J(m,n) and subdivision of jellyfish S(J(m,n)).

It is well known that domination problem is an NP-complete problem
in general graphs, but efficient algorithms are available for special classes of
graphs [4]. In this paper, we give a linear time algorithm to obtain a mini-
mum equitable dominating set and hence to find the equitable domination
number of a tree.

2. Preliminaries

Since every equitable dominating set is also a dominating set but the con-
verse is not true in general, it is easy to follow that for any graph G of
order n, 1 ≤ γ(G) ≤ γe(G) ≤ n.

In this section, we present some basic results involving γe.

Proposition 1. [2]
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(i) For the complete graph Kn on n vertices, γe(Kn) = 1.

(ii) For the paths Pn and the cycles Cn on n vertices, γ
e(Pn) = γe(Cn) =

dn3 e.

(iii) If Wn denotes the wheel on n vertices, then

γe(Wn) =

(
1, if n = 4, 5
dn−13 e+ 1, otherwise.

(iv) For the complete bipartite graph Km,n,

γe(Km,n) =

(
2, if |m− n| ≤ 1
m+ n, if |m− n| ≥ 2.

In the following, we give some results on equitable domination numbers
of some fundamental tree structures.

Proposition 2. (i) For the star graph K1,n−1 on n vertices,

γe(K1,n−1) =

(
1, if n = 2, 3
n, if n > 3.

(ii) A double star DSm,n on m + n vertices is the graph obtained by
joining the centers of two stars K1,n−1 and K1,m−1. If m,n ≥ 3, then

γe(DSm,n) =

(
m+ n− 1, if |m− n| ≤ 1
m+ n, if |m− n| ≥ 2.

(iii) The broom graph Bn,d consists of a path Pd with d vertices, together
with n−d pendant vertices all adjacent to the same end vertex of Pd.
If n− d ≥ 3, then γe(Bn,d) = (n− d+ 1) + dd−13 e.

Proof.

(i) Follows from Proposition 1 [(ii) and (iv)].

(ii) The degree of two center vertices in DSm,n are m and n respectively.

If the degree difference of the center vertices is geater than 1, i.e.,
|m− n| ≥ 2 then, none of the vertices of K1,m−1 can equitably dom-
inate any vertex of K1,n−1 in DSm,n and vice versa. Hence, the
equitable domination number of DSm,n is the sum of the equitable
domination number of each of the stars K1,n−1 and K1,m−1 and hence
γe(DSm,n) = γe(K1,m−1) + γe(K1,n−1) = m+ n, since m,n ≥ 3.
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If the degree difference of the center vertices is less than or equal to 1,
i.e., |m−n| ≤ 1 then, one of the centers equitably dominates the other
and hence γe(DSm,n) = γe(K1,m−1) + γe(K1,n−1) − 1 = m + n − 1,
since m,n ≥ 3.

(iii) Let Bn,d = {u1, u2, ..., ud, ud+1, ..., un} be a broom graph on n vertices
consisting of a path Pd = {u1, u2, ..., ud} with d vertices, together with
n−d pendant vertices {ud+1, ud+2, ..., un}. Without loss of generality,
let us assume that all the pendant vertices are adjacent to the same
end vertex ud of Pd.

Now deg(du) = n − d + 1. Since n − d ≥ 3, ud can neither eq-
uitably dominate any of its neighbours, nor it is equitably domi-
nated by any other vertex in the graph. Hence all of the vertices
{ud, ud+1, ud+2, ..., un} will be present in the minimum equitable dom-
inating set of Bn,d. Again, the vertices {u1, u2, ..., ud−1 forms a path
whose equitable domination number is dd−13 e. Hence the equitable
domination number of broom graph Bn,d is given by γe(Bn,d) =
(n− d+ 1) + dd−13 e.

2

Remark 1. It may be noted that —

(i) for every n ∈ N, γ(K1,n−1) = 1 and hence γe(K1,n−1) 6= γ(K1,n−1)
for n ≥ 3;

(ii) for all m,n ∈ N, γ(DSm,n) = 2 as the center vertices can dominate
all other vertices and hence γe(DSm,n) 6= γ(DSm,n) for m,n ≥ 3;

(iii) for all n, d ∈ N, γ(Bn,d) = 1 + dd−23 e as ud can dominate all its
neighbours and hence γe(Bn,d) 6= γ(Bn,d) for n− d ≥ 3.

3. The Algorithm

In this section, we describe an algorithm to find a minimum equitable
dominating set and hence computing the equitable domination number of
a tree T .

3.1. Outline of the algorithm

Let T be a tree on n vertices. We choose an arbitrary vertex as the root of
T and label it by 1. Following a breadth first search (BFS), the vertices of
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T are labelled as 1, 2, . . . , n. Thus the tree T is uniquely represented by an
array P (i), i = 1, 2, . . . , n where P (i) denotes the parent of the vertex i for
i = 2, 3, . . . , n and we let P (1) = 0.

As in the minimum dominating set algorithm of trees, given by Cock-
ayne et al. [5], we also classify the vertices into three categories: required
vertex (which must be in De– given label R), bound vertex (which are
dominated by some vertex in De– given label B), and free vertex (which
are not required vertices, but may be present in De– given label F ). Ini-
tially, we label each vertex as a bound vertex. Then, starting from the
pendent vertices, we go on changing possibly the labels of the parent ver-
tices.

It is clear that for every i, either i, or P (i), or both will be required
vertices. If |deg(i) − deg(P (i))| ≤ 1, then P (i) will be a required vertex
while i will remain a bound vertex. But if |deg(i) − deg(P (i))| > 1, the i
will be a required vertex while P (i) will be a required vertex, bound vertex
or free vertex according to the degree of P (P (i)).

If i be a required vertex and |deg(i)− deg(P (i))| ≤ 1, then P (i) will be
a free vertex. But if i be a required vertex and |deg(i) − deg(P (i))| > 1
then P (i) remains bound vertex. But it may be changed later accoding to
the value of |deg(P (i))− deg(P (P (i)))|.

We give the pseudocode of the algorithm in the following subsection.
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3.2. Pseudocode

3.3. Illustrative example

Let T be a BFS tree (shown in Figure 1) with vertices V (T ) = {1, 2, 3, . . . , 18}
and parent of each vertex is given in second row of Table 3.1. Initially, all
vertices are labeled as bound (B) vertex. Now, we traverse the vertices of
T in descending order from 18 to 1 to update the vertex labels (whether it
is bound, required or free). Gradually, the minimum cardinality equitable
dominating set will also be updated in each step as elaborated below:

pc
table-1
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i = 18; P (i) = 10; |deg(i) − deg(P (i))| ≤ 1 hence label(P (i)) = R and
De = {10}
i = 17; P (i) = 9; |deg(i) − deg(P (i))| > 1 hence label(i) = R and De =
{10, 17}
i = 16; P (i) = 9; |deg(i) − deg(P (i))| > 1 hence label(i) = R and De =
{10, 17, 16}
i = 15; P (i) = 8; |deg(i) − deg(P (i))| ≤ 1 hence label(P (i)) = R and
De = {10, 17, 16, 8}
i = 14; P (i) = 7; |deg(i) − deg(P (i))| ≤ 1 hence label(P (i)) = R and
De = {10, 17, 16, 8, 7}
i = 13; P (i) = 6; |deg(i) − deg(P (i))| ≤ 1 hence label(P (i)) = R and
De = {10, 17, 16, 8, 7, 6}
i = 12; P (i) = 5; |deg(i) − deg(P (i))| > 1 hence label(i) = R and De =
{10, 17, 16, 8, 7, 6, 12}
i = 11; P (i) = 5; |deg(i) − deg(P (i))| > 1 hence label(i) = R and De =
{10, 17, 16, 8, 7, 6, 12, 11}

pc
f-1



812 Sohel Rana and Sk. Md. Abu Nayeem

i = 10; P (i) = 4; label(i) = R; |deg(i)−deg(P (i))| ≤ 1 hence label(P (i)) = F
and De = {10, 17, 16, 8, 7, 6, 12, 11}

i = 9; P (i) = 3; |deg(i) − deg(P (i))| ≤ 1 hence label(P (i)) = R and
De = {10, 17, 16, 8, 7, 6, 12, 11, 3}
i = 8; P (i) = 3; label(i) = R; label(P (i)) = R hence
De = {10, 17, 16, 8, 7, 6, 12, 11, 3}
i = 7; P (i) = 2; label(i) = R; hence De = {10, 17, 16, 8, 7, 6, 12, 11, 3}
i = 6; P (i) = 2; label(i) = R hence De = {10, 17, 16, 8, 7, 6, 12, 11, 3}
i = 5; P (i) = 2; label(i) = B; |deg(i)−deg(P (i))| ≤ 1 hence label(P (i)) = R

and De = {10, 17, 16, 8, 7, 6, 12, 11, 3, 2}
i = 4; P (i) = 1; label(i) = F hence label(i) = B and
De = {10, 17, 16, 8, 7, 6, 12, 11, 3, 2}
i = 3; P (i) = 1; label(i) = R hence label(P (i)) = F and
De = {10, 17, 16, 8, 7, 6, 12, 11, 3, 2}
i = 2; P (i) = 1; label(i) = R hence label(P (i)) = F and
De = {10, 17, 16, 8, 7, 6, 12, 11, 3, 2}
i = 1; P (i) = 0; label(i) = F hence De = {10, 17, 16, 8, 7, 6, 12, 11, 3, 2}.

i 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

P (i) 10 9 9 8 7 6 5 5 4 3 3 2 2 2 1 1 1 0

deg(i) 1 1 1 1 1 1 1 1 2 3 2 2 2 3 2 3 4 3

label(i) B R R B B B R R R B R R R B B R R F

Table 3.1: Label of different vertices of T .

Therefore, De(T ) = {17, 16, 12, 11, 10, 8, 7, 6, 3, 2} and hence γe(T ) =
10.

3.4. Correctness and complexity of the algorithm

Lemma 1. Let T be a BFS tree in which p be a pendent vertex and q =
P (p) and De(T ) be the minimum equitable dominating set. Then p must
be in De(T ) if deg(q) ≥ 3.

Proof. Since p can be dominated by no other vertices except q and p itself,
p must be in De(T ) as |deg(q) − deg(p)| ≥ 1 and so q can not equitably
dominate p. 2
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Lemma 2. Let T be a BFS tree in which p be any vertex other than the
root and q = P (p). Then an equitable dominating set De

p(T ) containing
p can not have the cardinality less than another equitable dominating set
De
q(T ) containing q.

Proof. If p is a pendent vertex, then the result is obvoius, since q can
dominate possibly p and P (q) both, whereas p can never dominate P (q).

Suppose, children of p are all pendent vertices. Then p can dominate
equitablly all its children only when it has only one child, because otherwise
deg(p) ≥ 3 and it can not equitably dominate any pendent vertex.

If neither p is a pendent vertex, nor all its children are pendent vertices,
the problem can be reduced to subproblems of either of the above two types.
Combining them, the lemma follows. 2

Theorem 1. The algorithm EqDom correctly yields a minimum equitable
dominating set of a BFS tree T in linear time.

Proof. Correctness of the algorithm follows from Lemma 1 and 2.

Since the algorithm requires an initial assignment of |V (T )| values and
scanning of the linear array P (·) twice, complexity of the algorithm is linear.
2

4. Concluding Remarks

In this paper, we have obtained a linear time algorithm to find a minimum
equitable dominating set of a tree. We have also illustrated the algorithm
through an example. Correctness and complexity of the algorithm are also
established. As future scope of works, developing linear or efficient poly-
nomial time algorithm for other classes of graphs, such as interval graph,
permutation graph, chordal graph, etc. may be considered.
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