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1. Introduction

The biharmonic functions as the solution of some well-known partial dif-
ferential equations frequently appear in mathematical physics. Especially,
when it becomes very difficult to find harmonic maps, he biharmonic ones
are helpful. From geometric points of view, the role of biharmonic surfaces
in elasticity and fluid mechanics can be considered as a physical motiva-
tion for the theory of biharmonicity. In nineteen eighties, B. Y. Chen has
investigated the properties of biharmonic submanifolds in the Euclidean
spaces (with position vector filed x : Mn → En+k satisfying the condition
∆2x = 0, where ∆ is the Laplace operator). He introduced some open prob-
lems and conjectures in [5], among them, a longstanding conjecture says
that every biharmonic submanifold in a Euclidean space is minimal. Chen
himself has proved the conjecture for surfaces in E3. Later on, I. Dimitrić
has verified Chen conjecture in several different cases such as special curves,
submanifolds of constant mean curvature and also, hypersurfaces of the Eu-
clidean spaces with at most two distinct principal curvatures. T. Hasanis
and T. Vlachos [10] verified the conjecture for hypersurfaces in E4. Assum-
ing the completeness, Akutagawa and Maeta [1] gave an affirmative answer
to the global version of Chen’s conjecture for biharmonic submanifolds in
Euclidean spaces. Recently, in [8], it is proved that only biharmonic hyper-
surfaces in space forms with three distinct principal curvatures are minimal
ones. An equivalent condition for the biharmonicity of an Euclidean hy-
persurfaces can be expressed as ∆H = 0, where H is the ordinary mean
curvature vector field on the hypersurface. In 1988, Chen has introduced
a natural extension of this condition by assuming H to be an eigenvector
of ∆, associated to an arbitrary constant real eigenvalue. In [7], Defever
has proved that the hypersurfaces of E4 satisfying the condition ∆H = λH

have constant mean curvature.

On the other hand, the Laplacian operator ∆ can be seen as the first
one of a sequence of n operators L0 = ∆, L1, . . . , Ln−1, where Lk stands for
the linearized operator of the first variation of the (k+1)th mean curvature
arising from normal variations of the hypersurface (see, for instance, [2]).
These operators are given by Lk(f) = tr(Pk ◦ ∇

2f) for any f ∈ C∞(M),
where Pk denotes the kth Newton transformation associated to the second
fundamental from of the hypersurface and ∇2f is the hessian of f . From
this point of view, as an extension of finite type theory, S.M.B. Kashani [11]
has introduced the notion of Lk-finite type hypersurface in the Euclidean
space, which can be found in the second edition of Chen’s book [6]. Fur-
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thermore, in [3], it is proved that every Lk-biharmonic hypersurface in Em

(for arbitrary integer m > 2) with at most two distinct principal curvatures
is k-minimal, 0 < k < m.

Recently, in [8], it is proved that only biharmonic hypersurfaces with
three distinct principal curvatures in E5 are minimal ones. This result is
generalized to L1-biharmonic hypersurfaces of E

5 in [14]. In [16], we have
proved that every Lk-biharmonic spacelike hypersurface in E41 with three
distinct principal curvatures is k-maximal. In this paper, we try to classify
all Riemannian hypersurfaces of pseudo-Euclidean space En+1

1 whose (k +
1)th mean curvature vector field satisfies the condition LkHk+1 = λHk+1.
Also, we study this condition on a smaller category of such hypersurfaces
named the weakly convex ones. Here is our main results:

Theorem 1.1. Let Mn be a connected orientable spacelike hypersurface
of the Lorentz-Minkowski spacetime En+1

1 , isometrically immersed by x :
Mn → En+1

1 . Then its (k + 1)th mean curvature vector field, Hk+1, is an
eigenvector of Lk if and only if M

n satisfies at least one of the following
properties:
(i) Lk-biharmonic,
(ii) Lk-1-type,
(iii) Lk-null-2-type.

Theorem 1.2. Let x :Mn → En+1
1 be an isometrically immersed spacelike

hypersurface into the Lorentz-Minkowski space. x satisfies the condition
Ln−1Hn = λHn, if and only if the nth mean curvature of Mn, Hn, is
constant. Moreover, if Hn 6= 0 then H1 =

−λ
nHn

.

Theorem 1.3. Let x : Mn → En+1
1 be a weakly convex spacelike hyper-

surface satisfying LkHk+1 = λHk+1. Then, the (n + 1)th mean curvature
of Mn, Hk+1, is constant.

Theorem 1.4. Assume that x : Mn → En+1
1 is a weakly convex Lk-

biharmonic hypersurface in En+1
1 . Then Mn is k-maximal.

2. Preliminaries

In this section, we recall some prerequisites from [4, 12, 15, 16]. By Em
p ,

we mean the Euclidean space Rm with the scalar product < x, y >:=
−Σp

i=1xiyi + Σj>pxjyj (where, 0 ≤ p < m). Especially, Em
0 = Em, and

Em
1 is the Lorentz-Minkowski space of dimension m. Let x : Mn → En+1

1
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be an isometrically immersion of the spacelike hypersurface Mn into the
Lorentz-Minkowski space En+11 . The symbols ∇ and ∇̄ denote the Levi-
Civita connections onMn and En+11 , respectively. The Weingarten formula
is ∇̄VW = ∇VW− < SV,W > N, for every V,W ∈ χ(M). Here, χ(M)
stands for the set of all vector fields on Mn and S is the shape operator
of Mn associated to a timelike unit normal vector field N on Mn. Since
Mn is spacelike, S can be diagonalized. We can choose a local orthonormal
frame field {ei}1≤i≤n+1 on Mn, where e1, ..., en are eigenvectors of S and
en+1 = N is the unit normal time-oriented vector field N . As usual, we
denote the eigenvalues of S (the principal curvatures ofM) by the functions
λ1, ..., λn on M . The elementary symmetric function is defined as sk :=�
1≤i1<...<ik≤n

λi1 ...λik , so, the kth mean curvature Hk of M is given by

(nk)Hk = (−1)ksk. The hypersurface Mn in En+11 is called k −maximal ,
if its (k + 1)th mean curvature Hk+1 is identically zero. A 0-maximal
hypersurface is nothing but a maximal hypersurface in En+11 .

The classical Newton transformations Pk : χ(M) → χ(M) are defined
inductively by the shape operator S as P0 = I and Pk =

�n
k

�
HkI+S ◦Pk−1

for k = 1, . . . , n where I denotes the identity transformation in χ(M). This

map has an explicit formula as Pk =
k�

j=0

� n
k−j

�
Hk−jS

j , which gives, by the

Cayley-Hamilton theorem (stating that any operator is annihilated by its
characteristic polynomial), that Pn = 0. Since at each point p ∈ Mn,
the self-adjoint linear operators S and Pk commute and can be simultane-
ously diagonalized, then there exists a suitable basis {e1, . . . , en} on TpM

consisting of the unit eigenvectors of S(p) and Pk(p), with corresponding
eigenvalues λ1(p), . . . , λn(p) for S(p). The eigenvalues of Pk(p) with respect
to the above basis are given by

µi,k(p) = (−1)k
�

1≤i1<···<ik≤n,ij �=i

λi1(p) · · ·λik(p),

for i = 1, · · · , n. By a direct computation one can find the following useful
equality

λiµi,j = µi,j+1−(−1)
j+1sj+1 = µi,j+1−(

n
j+1)Hj+1.

(2.1)
Also, there exist useful formulae for Newton transformations as follow

[16]

tr(Pk) = ckHk, tr(S ◦ Pk) = −ckHk+1,
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tr(S2 ◦ Pk) =
Ã

n

k + 1

!
(nH1Hk+1 − (n− k − 1)Hk+2),

where ck = (n − k)
¡n
k

¢
= (k + 1)

¡ n
k+1

¢
. Now, we recall the operator Lk :

C∞(M)→ C∞(M) defined by

Lk(f) = tr(Pk ◦ ∇2f),

where, ∇2f : χ(M) → χ(M) denotes the self-adjoint linear operator met-
rically equivalent to the Hessian of f and is given by < ∇2f(X), Y >=<
∇X(∇f), Y >, where X,Y ∈ χ(M), ∇f is the gradient of f and ∇ is the
Levi-Civita connections onM . Also, for a vector field F = (f1, · · · , fn) on a
coordinate system inM , we define LkF := (Lk(f1), · · · , Lk(fn)) as a vector
field.

Now we recall the definition of an Lk-finite type hypersurface from [13],
which is a basic notion in the paper.

Definition 2.1. A isometrically immersed hypersurface x : Mn → En+1
1

is said to be of Lk-finite type if x has a finite decomposition x =
Pm

i=0 xi,
for a positive integer m satisfying the condition Lkxi = κixi, where each
κi ∈ R is a constant real number and each xi : M

n → En+1
1 is a smooth

non-constant map for i = 1, · · · ,m and x0 ∈ En+1
1 is a constant vector. If

all κi’s are mutually different, then Mn is said to be of Lk-m-type. An
Lk-m-type hypersurface is said to be null if κi is null for some i (where
1 ≤ i ≤ m).

3. Spacelike hypersurfaces in pseudo-Euclidean spaces

Let x : Mn → En+1
1 be a connected time-oriented spacelike hypersur-

face of the Lorentz-Minkowski spacetime, with a timelike Gauss map N .
Taking Hk+1 := Hk+1N , the well known equality Lkx = ckHk+1 (where
ck = (n − k)

¡n
k

¢
= (k + 1)

¡ n
k+1

¢
), gives that, for each non-negative k < n,

any k-maximal hypersurface of En+1
1 has to be Lk-biharmonic (use [2, 16]).

By definition, a hypersurface Mn of En+1
1 is said to be Lk-biharmonic

if its position vector field x satisfies the condition L2kx = 0, or equiva-
lently, Lk(Hk+1) = 0 (see [3, 16]). Clearly, k-maximal immersions are Lk-
biharmonic. Naturally, the Lk-biharmonicity condition can be extended by
considering as

LkHk+1 = λHk+1,(3.1)
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for a constant real coefficient λ. Theorem 1.1 classifies hypersurfaces of
En+11 satisfying (3.1).

Proof of Theorem 1.1. Condition (3.1) can be considered in tow different
cases depending on λ is null or not. If λ = 0, then Mn is a Lk-biharmonic
hypersurface, which gives (i). Now, assume that λ �= 0. Taking xp =

1

λLkx

and x0 = x− xp, we find

Lkxp =
1

λ
L2kx =

ck

λ
LkHk+1 = ckHk+1 = Lkx.

Hence, M is either of Lk-1-type or of Lk-null-2-type, depending on x0 is a
constant or non-constant. The converse is easy to verify. �

Using the formulae computed in [2, 16], we have

LkHk+1 = 3
� n
k+1

�
Hk+1∇Hk+1 − 2Pk+1∇Hk+1

+
�
LkHk+1 −Hk+1(n

� n
k+1

�
H1Hk+1 + ck+1Hk+2)

�
N.

(3.2)

By Using (3.2), one obtains necessary and sufficient conditions for the
(k + 1)th mean curvature vector field Hk+1 being an eigenvector of Lk,
namely

(i) Pk+1(∇Hk+1) =
3

2

� n
k+1

�
Hk+1∇Hk+1,

(ii) LkHk+1 = Hk+1(λ+ n
� n
k+1

�
H1Hk+1 + ck+1Hk+2)

(3.3)

Proof of Theorem 1.2. Take k = n−1. Since Pn = 0, we get by (3.3-part
(i)) ∇H2

n = 0. Therefore Hn is constant. Also, by (3.3-part (ii)) we have
Hn(λ + nH1Hn) = 0. Then, having assumed Hn to be non-null, we get
H1 =

−λ
nHn

, so nothing remains to prove. �

4. Weakly convexity

Recently, in [12], the ordinary biharmonicity condition is verified on the
hypersurfaces of space forms of non-positive sectional curvature with an
additional condition named weakly convexity. A hypersurfaces of a space
form is said to be weakly convex if all of its principal curvatures are nonneg-
ative. Here, we study the Lk-biharmonicity condition and in general the
condition (3.1) on weakly convex spacelike hypersurfaces x : Mn → En+11

of pseudo-Euclidean space En+11 . We prove Theorem 1.3.
Proof of Theorem 1.3. Define U := {p ∈ M : ∇H2

k+1(p) �= 0}, it is
enough to show that U = ∅. Using the local orthonormal tangent frame
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field {e1, · · · , en} of principal directions on M associated to nonnegative
principal curvatures λ1, · · · , λn, we have Pkei = µi,kei for 1 ≤ i ≤ n. By
polar decomposition we have

∇Hk+1 =
n�

i=1

< ∇Hk+1, ei > ei,

so from (3.3− (i)) and (2.1) we obtain

< ∇Hk+1, ei >

�

λiµi,k −
1

2

�
n

k + 1

�

Hk+1

�

= 0,

and then

< ∇Hk+1, ei > (−1)k



λi
�

1≤i1<···<ik≤n,ij �=i

λi1 · · ·λik +
1

2
sk+1



 = 0,

on U , for every i = 1, · · · , n. Now, for each i, having assumed< ∇Hk+1, ei >�=
0 on U , we get

λi
�

1≤i1<···<ik≤n,ij �=i

λi1 · · ·λik +
1

2
sk+1 = 0,

which, by the assumption thatMn is weakly convex, givesHk+1 = 0 locally
on U , which is a contradiction with the definition of U . Hence, U = ∅. �

Using the idea of the last proof, we prove Theorem 1.4 as follows.
Proof of Theorem 1.4. Putting H̄i := (−1)iHi for i = 1, 2, · · · , n, we

have H̄k+1 is constant, by Theorem 1.3. It is always true that

H̄i−1H̄i+1 ≤ H̄2
i

and
H̄1 ≥ H̄

1/2
2 ≥ H̄

1/3
3 ≥ · · · ≥ H̄

1/i
i (1 ≤ i < n),

provided H̄1, H̄2, . . . , H̄i are nonnegative, (see [4, 9]). Then, we obtain

HH̄k+1 − H̄k+2) ≥
H̄k+1
H̄k

(H̄H̄k − H̄k+1)

≥
H̄k+1
H̄k

(H̄H̄k − (H̄k)
k+1
k ) ≥ H̄k+1(H̄ − H̄

1

k

k ) ≥ 0.
(4.1)

On the other hand, since Hk+1 is a constant and Mn is assumed to be
Lk-biharmonic, by formula (3.3) we get

nH̄H̄k+1 = −(n− k − 1)H̄k+2,

so, when k = n− 1, we have H̄ = 0 therefore from the above inequalities,
we get H̄n = 0. Also, in the case k < n − 1, formula (4.1) and the last
equation give H̄k+1 = 0. �
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