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1. Introduction

Over the last decades there has been a considerable interest in the so

called linear preserver problems, see for example [2, 5, 8, 9, 10, 12].
The objective is to study additive or linear maps between two Banach
algebras preserving or compressing a given class of elements of algebras.
The most famous problem is Kaplansky’s problem asking whether
bijective unital linear maps between semi-simple Banach algebras
preserving invertibility in both directions are Jordan isomorphisms.
Note that the Kaplansky’s problem mainly asks for characterizing
additive maps that preserve invert- ibility. This is a much more difficult
task than that for linear maps. Many mathematicians were interested to
study certain quantities related on or extended the concept of spectrum.

In [9], Krishna and Kulkarni gave sev- eral results about linear maps
preserving pseudospectrum and condition spectrum. From what they
proven, if a linear onto map preserve the pseu- dospectrum between two

Banach algebras, then it preserves the spectrum. Later in [12], Ragoubi
define the left pseudospectrum and the right pseu- dospectrum. Based

on [9] she gives some similar results for linear maps preserving left (or
right) pseudospectrum. In this paper we will prove some similar result for
additive maps compressing the pseudospecturm, the left pseudospectrum
or the right pseudospectrum. Also we will give some re- sults about
maps preserving the pseudospectrum of generalized product. Our

arguments are influenced by ideas from [8, 9, 12].
Let A be a complex Banach algebra with unit 1. We shall identify λ.1

with λ. An element a ∈ A is said to be left invertible if there exists b ∈ A
such that ba = 1, while it is said right invertible if there exists b ∈ A such
that ab = 1. An invertible element of A is a right and left invertible element
of A. We denote by Inv(A), Invl(A) and Invr(A) the sets of all invertible,
left invertible and right invertible elements of A, respectively.

Let a ∈ A, the left spectrum, the right spectrum and the spectrum of
a are defined respectively as follow:

σl(a) = {λ ∈ C : a− λ /∈ Invl(A)}

σr(a) = {λ ∈ C : a− λ /∈ Invr(A)}

and
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σ(a) = {λ ∈ C : a− λ /∈ Inv(A)}.

Also the left pseudospectrum, the right pseudospectrum and the pseu-
dospectrum of a are defined respectively as follow:

σl(a) = {λ ∈ C : inf{k b k: b a left inverse of a− λ} ≥ 1}

σr(a) = {λ ∈ C : inf{k b k: b a right inverse of a− λ} ≥ 1}

and

σ (a) = {λ ∈ C :k (a− λ)−1 k≥ 1}

with the convention inf{k b k: b a left inverse of a − λ} = ∞, inf{k b k:
b a right inverse of a − λ} = ∞ and k (a − λ)−1 k= ∞ when a − λ is not
left invertible, is not right invertible or is not invertible respectively. For

more informations about this subsets we can see [9, 12, 14].
It is clear that for all a ∈ A, we have

σl(a) ⊆ σl(a) ⊆ σ (a),

and

σr(a) ⊆ σr(a) ⊆ σ (a).

In particular σl(a) and σr(a) are non empty sets.

Throughout this paper, X and Y denote a complex Banach spaces, and
B(X,Y ) denotes the space of all bounded linear maps from X into Y . As
usual, when X = Y , we simply write B(X) instead of B(X,X). We denote
by T ∗ the operators adjoint of T . In the sequel ∆ (.) (resp. ∆(.)) stands
for any one of the spectral functions σ (.), σl(.) or σr(.) (resp. σ(.), σl(.) or
σr(.)).

2. Preliminaries

In this section, we collect some lemmas that will be used in the proof of
our main results. We begin by a useful property of the pseudospectrum.
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Lemma 2.1. ([11, Theorem 2.3]) Let X be a complex Banach space, T
∈ B(X) and > 0. Then we have

σ (λT ) = λσ
|λ|
(T ), for all λ ∈ C \ {0}.

The second result due a Skhiri [13] gives necessary and sufficient
con- dition for an operator to be an isometry multiplied by a scalar. A

simple and shorter proof was given by Bourhim in ([4, Lemme 1.4])
Lemma 2.2. For a bijective mapping A ∈ B(X,Y ), the following are
equivalent:

1. k ATA−1 k=k T k for all invertible operators T ∈ B(X).

2. k ATA−1 k≤k T k for all invertible operators T ∈ B(X).

3. k ATA−1 k≥k T k for all invertible operators T ∈ B(X).

4. A is an isometry multiplied by a scalar.

We close this section by giving sufficient conditions for a map from
B(X) into B(Y ) to preserve ∆ (.). Hence in what follows we will consider
only the necessary conditions.

Lemma 2.3. ([9, Theorem 3.1 and Corollary 3.7]) Let φ be a map from
B(X) into B(Y ), if φ is
• linear;
• bijective;
• isometry.
Then φ preserve the ∆ (.).

3. Additive maps compressing pseudospectrum and certain
subsets

We begin this section by establishing more lemmas needed for the proof

of our main results. The first one, proved in [8, Corollary 9], gives a
characterization of additive maps that compress some spectral functions.

Lemma 3.1. Let X be a complex Banach space such that dim(X) = ∞.
If φ : B(X) −→ B(Y ) is an additive surjection, which does not annihilate
all rank-one idempotents, satisfies ∆(φ(S)) ⊆ ∆(S) for each S ∈ B(X),
then φ is either an isomorphism or an anti-isomorphism. More precisely,
either
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1. there exists a bounded linear bijection A : X −→ Y such that φ(S) =

ASA−1, for all operator S ∈ B(X); or

2. bothX and Y are reflexive, and there exists a bounded linear bijection
A : X∗ −→ Y such that φ(S) = AS∗A−1, for all operator S ∈ B(X).

The second one proved by the some authors gives a characterization of
additive maps that expand the spectral functions.

Lemma 3.2. ([8, Corollary 8]) Let X be a complex Banach space such
that dim(X) =∞. If φ : B(X) −→ B(Y ) is an additive surjection, satisfies
∆(φ(S)) ⊇ ∆(S), for each S ∈ B(X). Then φ is either an isomorphism or
an anti-isomorphism.

For the case of operators on Hilbert spaces operator cases they obtained
the following result.

Lemma 3.3. ([8, Corollary 10]) Let H and K be infinite dimensional
complex Hilbert spaces, and let φ : B(H) −→ B(K) be an additive sur-
jection, which does not annihilate all rank-one idempotents. If ∆(φ(S)) ⊆
∆(S) holds for each S ∈ B(H), then either

1. there exists a bounded invertible linear operator A : H −→ K such
that φ(S) = ASA−1 S ∈ B(H); or

2. there exists a bounded invertible linear operator A : H −→ K such
that φ(S) = AStrA−1 S ∈ B(H), here Str stands for the transpose
of S with respect to an arbitrarily fixed orthonormal base of H. If
∆(.) takes any one of σl(.) and σr(.), then the last case can not occur.

The following is our main result for this section.

Theorem 3.4. Let > 0 and suppose that φ : B(X) −→ B(Y ) is an
additive surjection, which does not annihilate all rank-one idempotents. If,
for each S ∈ B(X), ∆ (φ(S)) ⊆ ∆ (S), then φ is either an isomorphism or
an anti-isomorphism. More precisely, either

1. there exists an isometry A : X −→ Y such that φ(S) = ASA−1, for
all operator S ∈ B(X); or

2. both X and Y are reflexive, and there exists an isometry A : X∗ −→
Y such that φ(S) = AS∗A−1, for all operator S ∈ B(X).
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Proof. Assume that ∆ (.) = σ (.), we will proceed by two steps.

Step 1. φ compress the spectra of elements. Then φ takes one of the two
forms in Lemma 3.1.

Suppose that σ (φ(S)) = σ( S), for all S ∈ B(X). Let S ∈ B(X) and
λ /∈ σ(S). Choose an integer n such that n > k (λ− S)−1 k. Then

k (n(λ− S))−1 k< 1
.

Thus
nλ /∈ σ (nS) ⊇ σ (φ(nS)) ⊇ σ(φ(nS)) = nσ(φ(S))

so
λ /∈ σ(φ(S)).

Therefore
σ(φ(S)) ⊆ σ(S).

By lemma 3.1 φ takes one of the two forms:

1. There exists a bounded linear bijection A : X −→ Y such that φ(S) =
ASA−1, for all operator S ∈ B(X).

2. There exists a bounded linear bijection A : X∗ −→ Y such that
φ(S) = AS∗A−1, for all operator S ∈ B(X). The last case may occur
only if X and Y are reflexive.

Step 2. φ takes the desired forms.

To do so, it suffices to prove that φ preserves norms of all invertible elements
of B(X) and applied Lemma 2.2. Indeed suppose there exist an operator
invertible S ∈ B(X) such k S−1 k<k φ(S−1) k. According to the first step
φ is R-linear. Then we can choose a reel t > 0 such that

k S−1 k< t ≤ k φ(S−1) k= k (φ(S))−1 k .

Then

k (tS)−1 k< 1
.

Thus 0 /∈ σ (tS). But

k (φ(tS))−1 k≥ 1
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implies 0 ∈ σ (φ(tS)). This is a contradiction. Similarly we can prove the
result if ∆ (.) takes any one of the other sets, by proceeding like the proof

of [12, Theorem 3.2]. 2

Applying Theorem 3.4, we can give a characterization of additive maps
that expand ∆ (.).

Corollary 3.5. Let > 0 and suppose that φ : B(X) −→ B(Y ) is an
additive surjection. If, for each S ∈ B(X), ∆ (φ(S)) ⊇ ∆ (S), then φ is
either an isomorphism or an anti-isomorphism.

Proof. Like the first step in the previous proof we can show that φ
expend the spectra of elements. Hence by Lemma 3.2, φ takes the desired
forms. 2

Remark 3.6. 1. It is obvious that if φ is bijective or it preserve ∆ (.),
then φ does not annihilate all rank-one idempotents. So if we assume
that φ is bijective or preserves ∆ (.), we can drop this hypothesis.

2. If φ preserves ∆ (.) we can drop condition on dimension of X

in Theorem 3.4. We can proceed as the proof of [8, Corollary 3.16].

For the case of operators on Hilbert space, the statement of theorem 3.4
and lemma 3.3 need be slightly modified in an obvious way. We illustrate
it by the following special consequence.

Corollary 3.7. Let H and K be infinite dimensional complex Hilbert
spaces, and let φ : B(H) −→ B(K) be an additive surjection, which does
not annihilate all rank-one idempotents. If ∆ (φ(S)) ⊆ ∆ (S) holds for
each S ∈ B(H), then either

1. there exists an isometry A : H −→ K such that φ(S) = ASA−1 for
all operator S ∈ B(H); or

2. there exists an isometry A : H −→ K such that φ(S) = AStrA−1 for
all operator S ∈ B(H), here Str stands for the transpose of S with
respect to an arbitrarily fixed orthonormal base of H. If ∆ (.) takes
any one of σl(.) and σr(.), then the last case (2) can not occur.
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4. Maps preserving pseudospectrum of generalized product

In what follows, let m be an integer and fix a positive integer k ≥ 2 and
a finite sequence (i1, i2, ..., im) such that {i1, i2, ..., im} = {1, 2, ..., k} and
there is an ip not equal to iq for all other q. We define the generalized
product T1 ◦ T2 ◦ ... ◦ Tk, for operators T1, ..., Tk ∈ B(X) by

T1 ◦ T2 ◦ ... ◦ Tk = Ti1 ...Tim ,

or

T1 ◦ T2 ◦ ... ◦ Tk = Ti1 ...Tim + Tim ...Ti1 .

The usual product TS, the triple product TST and the Jordan product
TS+ST are a particular cases of this products. Note that maps preserving
certain spectral quantities of the generalized product has been considered

by many authors; see for instance [1, 3].
We will say that φ satisfies the condition (P) if the the range of φ contain
all operators of rank at most two if, T1 ◦ T2 ◦ ... ◦ Tk = Ti1 ...Tim , or the
range contain all operators of rank at most three if T1 ◦ T2 ◦ ... ◦ Tk =
Ti1 ...Tim + Tim ...Ti1 .
Before stating the main results for this section, we will give a characterisa-
tion of maps preserving the spectrum of generalized product.

Lemma 4.1. ([6, 7]) Let X and Y be a complex Banach spaces. If φ :
B(X) −→ B(Y ) is a map satisfies the condition (P) and σ(φ(T1) ◦ φ(T2) ◦
... ◦ φ(Tk)) = σ(T1 ◦ T2 ◦ ... ◦ Tk) for all T1, ..., Tk ∈ B(X). Then one of the
following conditions holds.

1. There exist a scalar λ with λm = 1 and an invertible operator A :
X −→ Y such that φ(T ) = λATA−1, for all operator T ∈ B(X).

2. Both X and Y are reflexive, and there exist a scalar λ with λm = 1
and an invertible operator A : X∗ −→ Y such that φ(T ) = λAT ∗A−1,
for all operator T ∈ B(X).

The first result characterize additive maps preserving pseudospectrum
of generalized product for some > 0.

Theorem 4.2. Let X and Y be a complex Banach spaces and > 0. If
φ : B(X) −→ B(Y ) is an additive map satisfies the condition (P) and
σ (φ(T1) ◦φ(T2) ◦ ... ◦φ(Tk)) = σ (T1 ◦T2 ◦ ... ◦Tk) for all T1, ..., Tk ∈ B(X).
Then one of the following conditions holds.
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1. There exist a scalar λ with λm = 1 and an isometry A : X −→ Y
such that φ(T ) = λATA−1, for all operator T ∈ B(X).

2. Both X and Y are reflexive, and there exist a scalar λ with λm = 1
and an isometry A : X∗ −→ Y such that φ(T ) = λAT ∗A−1, for all
operator T ∈ B(X).

Proof. First we will show that φ preserve the spectra of generalized
product of elements. Indeed, let λ /∈ σ(T1 ◦ T2 ◦ ... ◦ Tk). Choose n > k
(λ− T1 ◦ T2 ◦ ... ◦ Tk)−1 k. Then

k (n(λ− T1 ◦ T2 ◦ ... ◦ Tk))−1 k<
1
.

Thus

nλ /∈ σ (nT1 ◦ T2 ◦ ... ◦ Tk) = σ (φ(nT1) ◦ φ(T2) ◦ ... ◦ φ(Tk))
⊇ σ(φ(nT1) ◦ φ(T2) ◦ ... ◦ φ(Tk))
= nσ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk))

so

λ /∈ σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)).

Therefore

σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)) ⊆ σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)).

In a similar way we can prove the other inclusion. Hence we get

σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)) = σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)).

Now by the previous lemma φ takes one of the two forms:

1. There exist a scalar λ with λm = 1 and an invertible operator A :
X −→ Y such that φ(T ) = λATA−1, for all operator T ∈ B(X).

2. Both X and Y are reflexive, and there exist a scalar λ with λm = 1
and an invertible operator A : X∗ −→ Y such that φ(T ) = λAT ∗A−1,
for all operator T ∈ B(X).
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Finally, let us prove that k ASA−1 k≤k S k of all invertible elements
S ∈ B(X). Indeed suppose there exist an operator invertible S ∈ B(X)
such k S−1 k<k AS−1A−1 k. According to the first step φ is R-linear and
σ (T ) = σ (λm−1φ(T )) = σ (ATA−1) or σ (T ) = σ (AT ∗A−1), for every
T ∈ B(X). Then we can choose t > 0 such that

k S−1 k< t ≤ k AS−1A−1 k= k (ASA−1)−1 k .

Then

k (tS)−1 k< 1
.

Thus 0 /∈ σ (tS). But

k (φ(tS))−1 k≥ 1

implies 0 ∈ σ (φ(tS)), a contradiction. Then by Lemma 2.2 φ takes the
desired forms. 2

Next result characterize maps preserving pseudospectrum of generalized
product for every > 0.

Theorem 4.3. Let X and Y be a complex Banach spaces. If φ : B(X) −→
B(Y ) is a map satisfies the condition (P) and σ (φ(T1)◦φ(T2)◦...◦φ(Tk)) =
σ (T1 ◦ T2 ◦ ... ◦ Tk) for all T1, ..., Tk ∈ B(X) and every > 0. Then one of
the following conditions holds.

1. There exist a scalar λ with λm = 1 and an isometry A : X −→ Y
such that φ(T ) = λATA−1, for all operator T ∈ B(X).

2. Both X and Y are reflexive, and there exist a scalar λ with λm = 1
and an isometry A : X∗ −→ Y such that φ(T ) = λAT ∗A−1, for all
operator T ∈ B(X).

Proof. We will proceed like the proof of the previous theorem. First
we show that φ preserve the spectra of generalized product of elements.
Indeed, let λ /∈ σ(T1 ◦T2 ◦ ...◦Tk). Choose n > k (λ−T1 ◦T2 ◦ ...◦Tk)−1 k.
Then

k (n(λ− T1 ◦ T2 ◦ ... ◦ Tk))−1 k<
1
.

Thus
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nλ /∈ σ (nT1 ◦ T2 ◦ ... ◦ Tk) = nσ

n
(T1 ◦ T2 ◦ ... ◦ Tk)

= nσ
n
(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk))

⊇ nσ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)).

so

λ /∈ σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)).

Therefore

σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)) ⊆ σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)).

In a similar way we can prove the other inclusion. Hence we get

σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)) = σ(φ(T1) ◦ φ(T2) ◦ ... ◦ φ(Tk)).

Now by the lemma 4.1 φ takes one of the two forms:

1. There exist a scalar λ with λm = 1 and an invertible operator A :
X −→ Y such that φ(T ) = λATA−1, for all operator T ∈ B(X).

2. Both X and Y are reflexive, and there exist a scalar λ with λm = 1
and an invertible operator A : X∗ −→ Y such that φ(T ) = λAT ∗A−1,
for all operator T ∈ B(X).

Finally like the previous proof we prove that k ASA−1 k≤k S k for all
invertible elements S ∈ B(X). Then by Lemma 2.2 φ takes the desired
forms. 2

Question 4.4. Can we change the condition ”for every > 0” in Theorem
4.3 by ”some > 0”.
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