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1. Introduction

Let (Ω,Σ) = (Ω,Σ, µ) be a complete σ-finite measure space and let L0(µ)
denote the space of all µ-equivalence classes of Σ-measurable functions on
Ω with the topology of convergence in measure on µ-finite sets. A Banach
space (X, k · kX) consisting of equivalence classes modulo equality almost
everywhere of locally integrable real-valued functions on Ω is said to be a
Köthe space on (Ω,Σ) if the following conditions hold:

(i) If |f(t)| ≤ |g(t)| a.e. on Ω, with f measurable and g ∈ X, then f ∈ X
and kfkX ≤ kgkX (often this property is refer as the space is solid).

(ii) For every A ∈ Σ with µ(A) <∞, the characteristic function 1A of A
belongs to X.

A function f is locally integrable if it belongs to L0(µ) and
R
A |f |dµ <∞

for each A ∈ Σ such that µ(A) <∞. Every Köthe space is a Banach lattice
in the obvious order (g ≥ 0 if g(t) ≥ 0 a.e.). By (i) every Köthe space is σ-
order complete (see [8]). If in addition the unit ball BX = {f : kfkX ≤ 1}
is closed in L0(µ), then we say that X has the Fatou property. A Köthe

space defined on
³
N, 2N , µ

´
with the counting measure µ is called a Köthe

sequence space (on N).

The Köthe dual X 0 of the Köthe space X defined on (Ω,Σ) ia a Banach
space which can be identified with the space of all functional possessing an
integral representation, that is,

X 0 =

(
g ∈ L0(µ) : kgkX0 = sup

kfkX≤1

Z
Ω
|fg| dµ < +∞

)
.

Ii is known that if X has order continuous norm (i.e. kfnkX → 0 for all
sequence {fn} ⊂ X such that fn ↓ 0), then the dual space X∗ can be
naturally identified with X 0 (see [6]).

Each function u ∈ L0(µ) define un lineal operator Mu given by Mu(f) =
u · f , the pointwise multiplication of u times f , which is known as mul-
tiplication operator with symbol u. The multiplication operator acting on
Banach function spaces is a well-studied transformation. We must mention
here the pioneering work Singh/Kumar in [12] and [13] on properties of
multiplication operators acting on spaces of measurable functions. These
authors studied the compactness and closedness of the range of multiplica-
tion operators on L2(µ). A big numerous of mathematicians have extended
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or generalized the results of Singh and Kumar to important examples of
Köthe spaces (we omit cites), however, the more general study of the prop-
erties of the operatorMu : X → X (such as the compactness and closedness
of the range among others), with X being a Köthe space is due to Hudzik
et al. [5] (see also Castillo et al. [3]).

Related to the problem of the characterization of the compactness of mul-
tiplication operators we have the problem of to estimate its essential norm
or the non-compactness measure of multiplication operators. This subject
has been widely studied in the context of analytic functions. In the case
of multiplication operators Mu, acting on non-atomic Köthe space, the
essential norm was calculate by Castillo et al. [3] and it is an open prob-
lem calculate the essential norm of this operator in a more general sense.
The essential norm of multiplication operators acting on Lorentz sequence
spaces (which is a Köthe sequence space) was calculate by Castillo et al.
[4]. The main objective of this article is to give a light about the value
of the essential norm of multiplication operators acting on purely atomic
Köthe space. More precisely, we are going to show that the result obtained
by Castillo et al. in [4] is also valid for Orlicz sequence spaces, the proof of
this aim is given in Section 3. The article is completed with the Section 2
where we gather some properties of the Orlicz sequence spaces.

2. Some remarks about Orlicz sequence spaces

We recall that a function ϕ : [0,∞)→ [0,∞) is said to be an Orlicz function
if it is a non-decreasing convex function which assume the vaue zero only
at zero and such that limt→+∞ ϕ(t) = +∞. Given an Orlicz function ϕ,
the Orlicz sequence space lϕ is the set of all real sequences x = {x(n)}∞n=1
such that

∞X
n=1

ϕ (λ |x(n)|) <∞

for some λ > 0. lϕ is a Banach space with the Luxemburg norm defined by

kxkϕ = inf
(
λ > 0 :

∞X
n=1

ϕ

µ |x(n)|
λ

¶
≤ 1

)
.

In particular, each sequence x = {x(n)}∞n=1 ∈ lϕ belongs to c0, the space of
all real sequence converging to zero. Clearly if x, y are real sequences such
that y ∈ lϕ and |x(n)| ≤ |y(n)| for all n ∈ N , then x ∈ lϕ and kxkϕ ≤ kykϕ,
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this fact tell us that lϕ is a solid space. Furthermore, ifA = {n1, n2, · · · , nm}
is a finite subset of N , then the characteristic sequence 1A defined by

1A(k) =

(
1 , k ∈ A,
0 , k /∈ A,

belongs to lϕ. Hence, lϕ is a Köthe sequence space. Observe that for the set

A defined above, k1Akϕ =
³
ϕ−1

³
1
m

´´−1
, where ϕ−1(t) = inf {s > 0 : ϕ(s) > t}

is the right continuous inverse of ϕ.

Each Orlicz function ϕ allow us to define other Orlicz function ψ : [0,∞)→
[0,∞) which is known as the complementary function to ϕ and it is defined
by

ψ(t) = sup {τ |t|− ϕ(τ) : τ ≥ 0} .
Then each y = {y(n)}∞n=1 ∈ lψ defines a bounded linear functional Fy on
lϕ by

Fy(x) =
∞X
n=1

x(n)y(n), x = {x(n)}∞n=1 ∈ lϕ.

Moreover, the mapping y → Fy is an isometry from lψ onto (lϕ)∗, and the
norm dual of lϕ can be identified with lψ. Hence the dual of the Orlicz
sequence space coincides with its Köthe dual. We refer this fact as the
Ries’s representation theorem for the Orlicz sequence space.

We conclude this section with the following elementary properties of the
canonical basis {ek}∞k=1 which it will be of great utility in the proof of our
result. Here, for k ∈ N fixed, ek is the sequence defined by

ek(n) = 1{k}(n) =

(
1, n = k,
0, n = k.

Then kekkϕ =
¡
ϕ−1 (1)

¢−1
for all k ∈ N and {ek}∞k=1 converges weakly to

zero since each y ∈ lψ is an element of c0. We refer the excellent book of
Rao and Ren [11] for more properties of the Orlicz spaces.

3. The main result

Given a Banach space (X, k · kX), the essential norm of a continuous linear
operator T : X → X, denoted by kTke, is its distance to the class K(X) of
all compact operators on X, that is,

kTke = inf { kT −Kk : K ∈ K(X)} ,
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where kTk denotes the operator norm of T , which is defined by

kTk = sup {kTfkX : kfkX = 1} .

Since K(X) is a closed subspace of B(X), the class of all bounded linear
operator (with the topology induced by the operator norm), we can see that
an operator T ∈ B(X) is compact if and only if kTke = 0. Furthermore,
kTke is the norm of the class of T in the Calkin algebra B(X)/K(X).

The essential norm of multiplication operators acting on Banach function
spaces has not been calculated yet in the more general setting. However
there are some works about this subject. If X is a non-atomic order con-
tinuous Köthe space, Castillo et al. [3] proved that the essential norm
of Mu : X → X is given by kMuke = kuk∞, the essential supremum of
|u|. Hence, the only compact multiplication operator acting on this kind
spaces is the null operator. Motived by the idea in to find non-null compact
multiplication operators, recently, have appeared interesting works about
properties of multiplication operators acting on Banach sequences spaces.
Arora et al. in [1] proved that a multiplication operator Mu acting on
Lorentz sequence spaces is compact if and only if u ∈ c0; that is, if and
only if u(n)→ 0 as n→∞. This last condition also characterize the com-
pactness of this operator Mu, acting on other Köthe sequence spaces such
as Orlicz-Lorentz sequence spaces [2], Cesàro sequence spaces [7], Cesàro-
Orlicz sequence spaces [9], among others. However, the characterization of
compactness (and other properties) of multiplication operators acting on
any Köthe sequence spaces is due to Ramos-Fernández and Salas-Brown
[10] (see also [5] and [3]). The compactness result obtained by Ramos-
Fernández and Salas-Brown in [10] can be stated as follows:

Theorem 3.1 ([10]). Let X be a Köthe sequence space and suppose that
u ∈ l∞. The operator Mu : X → X is compact if and only if u ∈ c0.

Here, the product of two sequences a = {a(n)}∞n=1 and b = {b(n)}∞n=1 is
defined by a · b = {a(n) · b(n)}∞n=1 and the condition u ∈ l∞ characterize
the continuity of the operator Mu : X → X, where l∞ denotes the space
of all bounded real sequence. The objective is to find some estimation of
kMuke which implies Theorem 3.1. In the case of Lorentz sequence spaces
l(p,q), Castillo et al. in [4] proved that the essential norm of the operator
Mu : l(p,q) → l(p,q) is given by kMuke = lim supn→∞ |u(n)| which implies
the result of Arora et al. in [1]. We are going to prove that the same result
is also valid for the Orlicz sequence spaces. The result we have obtained is
the following:
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Theorem 3.2. Let ϕ an Orlicz function and suppose that u ∈ l∞. For the
multiplication operator Mu : l

ϕ → lϕ we have

kMuke = lim sup
n→∞

|u(n)| .

Proof. Suppose that the sequence u = {u(n)}∞n=1 is bounded. For each
N ∈ N, we consider the set AN = {1, 2, · · · , N} and we set the sequence
uN = u ·1An , then by Theorem 3.1, the multiplication operatorMuN : l

ϕ →
lϕ is compact. Hence

kMuke ≤ kMu −MuNk = kMu−uNk .

But if a = {a(n)} ∈ lϕ is such that kakϕ = 1, then clearly

|(u(n)− uN(n)) · a(n)| ≤ SN |a(n)|

for all n ∈N, where SN = sup{|u(k)| : k ≥ N} <∞. Thus, since the space
lϕ is solid, we conclude that the sequence (u− uN ) · a belongs to lϕ and

kMu(a)−MuN (a)kϕ = k(u− uN )akϕ
≤ SN kakϕ = SN .

Therefore kMuke ≤ kMu −MuNk ≤ SN for all N ∈ N and hence

kMuke ≤ lim sup
n→∞

|u(n)|.

On the other hand, if K : lϕ → lϕ is any compact operator, then, since the
sequence {ek}∞k=1 is a bounded in lϕ and converges weakly to zero, we have
that

lim
k→∞

kK(ek)kϕ = 0.(3.1)

Indeed, if (3.1) is false, then we can find a δ > 0 and a subsequence
{ekm}∞m=1 of {ek}

∞
k=1 such that

kK(ekm)kϕ ≥ δ(3.2)

for all m ∈ N . Since K : lϕ → lϕ is a compact operator, then by passing to
a subsequence if is necessary, we can suppose that {K(ekm)}∞m=1 converges
in lϕ. That is, there exists a b ∈ lϕ such that

lim
m→∞

kK(ekm)− bkϕ = 0.

We are going to prove that b = 0 which it will be a contradiction to
(3.2). By Hahnn-Banach’s theorem, it is enough to show that h(b) = 0
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for all bounded linear functionals h on lϕ. Let h be any bounded linear
functional on lϕ, then

|h(b)| ≤ |h(b)− hK(ekm)|+ |hK(ekm)|
≤ khk kb−K(ekm)kϕ + |hK(ekm)|→ 0

as m→∞ since {ek}∞k=1 converges weakly to zero. Hence h(b) = 0 and we
have proved the claim. Next we can conclude the proof of our result. For
each k ∈ N, we can write

kMu −Kk ≥
°°°°Mu

µ
ek

kekkϕ

¶
−K

µ
ek

kekkϕ

¶°°°°
ϕ

≥ 1
kekkϕ kMu(ek)kϕ − ϕ−1(1) kK(ek)kϕ

= |u(k)|− ϕ−1(1) kK(ek)kϕ .

Thus taking the limit when k →∞ and using (3.1), we conclude that

||Mu −K|| ≥ lim sup
k→∞

|u(k)|,

and therefore kMuke ≥ lim sup
n→∞

|u(n)| since the compact operator K on lϕ

was arbitrary. This finishes the proof. 2

As an important consequence we have the following result (we don’t found
any reference in the web for this fact):

Corollary 3.3. Let ϕ an Orlicz function and suppose that u ∈ l∞. The
multiplication operator Mu : l

ϕ → lϕ is compact if and only if u ∈ c0.

We finish this note observing that the proof of our main result only depend
on the properties of the Luxemburg norm and on the properties of the
canonical basis which implies that our result is also valid in a more general
context.
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