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Solution. Since |x− y| ≥ 0, and |x− y| = 0, iff x = y, and |x− y| =
|y − x|, and d (x, y) = |x− y| = |(x− z) + (z − y)| ≤ |x− z| + |z − y| =
d (x, z) + d (z, y) . All properties in definition hold, thus d is a metric on
R and consequently (R, d) is a metric space.

Definition. A metric space (X, d) is complete if every Cauchy sequence in
X is converges to an element in X.

Definition. A complete normed linear (vector) space is called a Banach
space.
In mathematics, a fixed point of a function is an element of the func-
tion’s domain that is mapped to itself by the function. A set of fixed points
is sometimes called a fixed set. That is to say, c is a fixed point of the
function f(x) if and only if f(c) = c. For example, if f is defined on
the real numbers by

f (x) = x2 − 3x+ 4,
then 2 is a fixed point of f , because f(2) = 2.

Many different kinds of problems can be solved by means of fixed point
theory. Generally, to solve a problem with fixed point theory is to find:
(a) a set S consisting of points which would be acceptable solutions;
(b) a mapping P : S → S with the property that a fixed point solves the
problem;
(c) a fixed point theorem stating that this mapping on this set will have a
fixed point.
generally, the basic idea is to give a differential equation delay model

x0 = f (t, x) , x (t0) = ∅,(2.1)

We are trying to build a reflective schema (1). In other words, we are
doing some integration operations like this

x (t) = a (t) +

Z t

t0
f (t, ∅, s, x(.)) ds.(2.2)

The solution will be given to the functional differential equation through
the fixed point theory mapping.

(Py) (t) = a (t) +

Z t

t0
f (t, ∅, s, y(.)) ds.
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