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310 P. Parida, S. K. Paikray and B. B. Jena

Let (an) and (bn) be sequences of non-negative integers such that (i)
an < bn and (ii) lim

n→∞
bn = +∞, then the deferred Cesàro D(an, bn) mean

(see [1] and [9]) is defined by

D(an, bn) = D(xn) =
xan+1 + xan+2 + xan+3 + ...+ xbn

bn − an
=

1

bn − an

bnX
k=an+1

xk.

(1.1)

It is well known that, D(an, bn) is regular under conditions (i) and (ii).

Also very recently, Srivastava et al. [18] introduced the deferred weighted
mean, Db

a(N, p, q) as,

tn =
1

Rbn
an+1

bnX
m=an+1

pmqmxm.

It will be interesting to see that, for pm = qm = 1, tn is same as D(xn).
Thus, deferred Cesàro mean is very fundamental in the study of such type
of means. Here, we have considered the statistical summablity via deferred
Cesàro mean in order to establish certain approximation theorems.

Let us now introduce the following definitions in support of our pro-
posed work.

Definition 1. A sequence (xn) is said to be deferred statistically conver-
gent to if, for every > 0, the set

{k : an < k ≤ bn and |xn − | ≥ }

has natural density zero, that is,

lim
n→∞

1

bn − an
|{k : an < k ≤ bn and |xn − | ≥ }| = 0.
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Generalized deferred Cesàro equi-statistical convergence ... 311

In this case, we write

statDC lim
n→∞

xn = .

Definition 2. (see [9]) A sequence (xn) is said to be Cesàro deferred sta-
tistically convergent to if, for every > 0, the set

{k : an < k ≤ bn and |D(xn)− | ≥ }

has natural density zero, that

is,

lim
n→∞

1

bn − an
|{k : an < k ≤ bn and |D(xn)− | ≥ }| = 0.

In this case, we write

stat− lim
n→∞

D(xn) = or DC1(stat)− lim
n→∞

xn = .

Clearly, above definition can be viewed as the generalization of some
existing definitions.

We now prove the following theorem which determines the inclusion re-
lation between the deferred statistical convergence and the Cesàro deferred
statistical convergence.

Theorem 1. Let a sequence (xn) is deferred statistically convergent to a
number , then it is Cesàro deferred statistically convergent to the same
number , but the converse is not true.
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312 P. Parida, S. K. Paikray and B. B. Jena

Proof. Suppose (xn) is deferred statistically convergent to . By the
hypothesis, we have

lim
n→∞

1

bn − an
|{k : an < k ≤ bn and |xn − | ≥ }| = 0.

Consider two sets as follows:

K = lim
n→∞

|{k : an < k ≤ bn and |xn − | ≥ }|

and

Kc = lim
n→∞

|{k : an < k ≤ bn and |xn − | < }|.

Now,

|D(xn)− | =
¯̄̄

1
bn−an

Pbn
m=an+1(xk)−

¯̄̄
≤
¯̄̄

1
bn−an

Pbn
m=an+1 (xk − )

¯̄̄
+ | |

¯̄̄
1

bn−an
Pbn

m=an+1 1− 1
¯̄̄

≤ 1
bn−an

Pbn
m=an+1(k∈K ) |xk − |+ 1

bn−an
Pbn

m=an+1(k∈Kc) |xk − |+ | |
bn−an

≤ 1
bn−an |K |+ bn−an + 0→ 0 as n→∞ ( lim

n→∞
bn =∞),

which implies that D(xn)→ . Hence, the sequence (xn) is Cesàro deferred
statistically convergent to the same number .

In order to prove that the converse is not true, we consider an example
(below).

Example 1. Let us suppose that an = 2n− 1 and bn = 4n− 1 and also
consider the sequence (xn) by

xn =

⎧⎪⎨⎪⎩
0 (n is even)

1 (n is odd).
(1.2)

We have,

1

bn − an

bnX
m=an+1

xm =
1

2n

4n−1X
m=2n

xm =
1

2n
n =

1

2
.
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Clearly, the sequence (xn) is neither convergent nor statistical conver-
gent. However, it is Cesàro deferred convergent to 1

2 . Thus, it is Cesàro
deferred statistically convergent to 1

2 ; but the sequence (xn) is not deferred
statistically convergent.

The concept of deferred Nörlund equi-statistical convergence was intro-
duced by Srivastava et al. [19]. In this paper, we introduced the concept of
deferred equi- statistical convergence, deferred statistical point-wise conver-
gence and deferred statistical uniform convergence of a sequence of real val-
ued functions and show that the deferred equi- statistical convergence lies
between the deferred statistical point-wise convergence and deferred statis-
tical uniform convergence. The inclusion relation between equi-statistical
convergence and deferred equi-statistical convergence is established and it
is proved that, under certain conditions, the deferred equi-statistical con-
vergence and the equi-statistical convergence are equivalent to each other.
Furthermore, we have applied our notion of deferred equi-statistical con-
vergence to prove a Korovkin-type approximation theorem. Finally, we
studied the rate of deferred equi-statistical convergence of a sequence of
positive linear operators and accordingly established a theorem.

2. Deferred Equi-statistical Convergence

Let C(X) be the space of all continuous real valued functions defined on
a compact subset X of real numbers. C(X) is also a Banach space. For
f ∈ C(X), we have

kfk∞ = sup
x∈X

{|f(x)|}.

Let fn ∈ C(X). Then, a sequence

(i) (fn) is said to be statistically point-wise convergent to function f on
X, if for each > 0 and x ∈ X, we have (see [13])

lim
n→∞

Rn(x, )

n
= 0,

where
Rn(x, ) = |{k : k ≤ n and |fk(x)− f(x)| }|.

Here, we write
fn → f (stat-pointwise) on X.
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(ii) (fn) is said to be equi-statistically convergent to function f on X, if
for each > 0, we have (see [13])

lim
n→∞

Rn(x, )

n
= 0

uniformly with respect to x ∈ X, which means that

lim
n→∞

kRn(x, )kC(X)
n

= 0

for every > 0, where

Rn(x, ) = |{k ≤ n : |fk(x)− f(x)| ≥ }|.

Here, we write

fn → f (equi-stat) on X

(iii) (fn) is said to be statistically uniform convergent to function f on X,
if for each > 0 and for each x ∈ X, we have (see [13])

lim
n→∞

Rn(x, )

n
= 0,

where

Rn(x, ) = |{k : k ≤ n : kfk(x)− f(x)kC(X) }|.

Here, we write

fnf (stat-uniform) on X.

We now introduce the following definitions for our proposed study.

Definition 3. A sequence of functions (fn) is said to be deferred statisti-
cally point-wise convergent to a function f on X, if for each > 0 and for
every x ∈ X, we have

lim
n→∞

Ln(x, )

bn − an
= 0,

rvidal
Cuadro de texto
323

rvidal
Cuadro de texto



Generalized deferred Cesàro equi-statistical convergence ... 315

where
Ln(x, ) = |{m : an ≤ m ≤ bn and |fm(x)− f(x)| }|.

Here, we denote the limit by,

fn → f (D(xn)-stat-pointwise).

Definition 4. A sequence of functions (fn) is said to be deferred equi-
statistically convergent to a function f defined on X, if for each > 0,

lim
n→∞

Ln(x, )

an − bn
= 0,

uniformly with respect to x ∈ X, that is,

lim
n→∞

kLn(x, )kC(X)
an − bn

= 0,

where

Ln(x, ) =
1

an − bn
|{m : an ≤ m ≤ bn and |fm(x)− f(x)| }|.

Here, we denote the limit by,

fn → f (D(xn)-equi-stat).

Definition 5. A sequence of functions (fn) is said to be deferred statis-
tically uniform convergent to a function f on X, if for each > 0, we
have

lim
n→∞

Ln(x, )

an − bn
= 0,

where

Ln(x, ) = |{m : an ≤ m ≤ bn and kfm(x)− f(x)kC(X) }|.

In this case, we write

fnf (D(xn)-stat-uniform).
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From the above definitions, we have a trivial result in the form of the
following lemma.

Lemma 1. The following implications are true

fnf (D(xn)-stat-uniform) =⇒ fn → f (D(xn)-equi-stat)

=⇒ fn → f (D(xn)-stat-pointwise).

Moreover, it may be noted that, the above inclusions are strict, that is,
the reverse implications of Lemma 1 are not always true. For this propose
we present the following examples.

Example 2. In this example we illustrate that, the first inclusion is strict.

Let
an = n, bn = 2n and gn : X → [0, 1] (n ∈ N)

be sequence of continuous real valued functions, defined by

gn(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

2n+1
³
x− 1

2n

´
, x ∈

h
1
2n ,

1
2n−1 −

1
2n+1

i
−2n+1(x− 1

2n−1 ), x ∈
h

1
2n−1 −

1
2n+1 ,

1
2n−1

i
0, otherwise

then, for every > 0, we have

1

an − bn
|{m : an ≤ m ≤ bn and |gm(x)−g(x)| }| ≤

1

an − bn
→ 0, as n→∞,
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Generalized deferred Cesàro equi-statistical convergence ... 317

uniformly on X. This implies

gn → 0 (D(xn)-equi-stat).

But since,

sup
x∈[0,1]

|gn(x)| = 1 (n ∈ N),

so

gn0 (D(xn)-uniform-stat)

does not hold true.

Example 3. In this example we illustrate that, the second inclusion is
strict.

Let

an = n, bn = 2n and gn : X = [0, 1] (n ∈ N)

be sequence of continuous real valued functions, defined by

gn(x) = xn, n ∈ N.

Suppose that,

lim
n→∞

gn(x) = g(x), for x ∈ [0, 1],

then

gn(x)→ g(x) (D(xn)-pointwise-stat).

If we take = 1
7 , then for all n ∈ N, there exists r > N such that

r ∈ [an + 1, bn] and for every x ∈
³

n

q
1
7 , 1

´
, we have

|gr(x) = |xr| ≥
¯̄̄̄
¯
Ã

n

r
1

7

!r ¯̄̄̄
¯ ≥

¯̄̄̄
¯
Ã

r

r
1

7

!r ¯̄̄̄
¯ = 1

7
.

Thus, the condition gn → 0 (D(xn)-equi-stat) does not hold true.
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Theorem 2. Let Lm be a sequence of positive linear operators from C[a, b]
into itself and let f ∈ C[X]. Then,

Lm(f ;x)→ f(x), (D(xn)-equi-stat) on X(3.1)

if and only if

Lm(fi, x)→ fi(x), (D(xn)-equi-stat) on X, (fi(x) = xi; i = {0, 1, 2}).

(3.2)

Proof. Since each fi(x) = xi ∈ C(X), i = {0, 1, 2} are continuous, the
implication

(3.1) =⇒ (3.2)

is fairly obvious. In order to complete the proof of Theorem 2, we first
assume that (3.2) holds true. Let f ∈ C[X], then there exist a constant
K > 0 such that

|f(x)| ≤ K, for all x ∈ X.

This implies

|f(y)− f(x)| ≤ 2K (x, y ∈ X).(3.3)

Clearly, for given > 0, there exist δ > 0 such that

|f(y)− f(x)| <(3.4)

whenever
|y − x| < δ, for all x, y ∈ X.

Let us choose ϕ = ϕ(y, x) = (y − x)2. If |y − x|δ, then we obtain
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320 P. Parida, S. K. Paikray and B. B. Jena

|f(y)− f(x)| < 2K
δ2

ϕ(y, x).(3.5)

From equation (3.4) and (3.5), we get

|f(y)− f(x)| < +
2K
δ2

ϕ(y, x).

This implies that,

− − 2K
δ2

ϕ(y, x)(y)− f(x) ≤ +
2K
δ2

ϕ(y, x).(3.6)

Now by applying the operator Lm(1, x) to this inequality (Lm(1, x) is
monotone and linear), we have

Lm(1, x)
µ
− − 2K

δ2
ϕ(y, x)

¶
≤ Ln(1, x)(f(y)− f(x)) ≤ Lm(1, x)

µ
+
2K
δ2

ϕ(y, x)

¶
.

(3.7)

Note that x is fixed and so f(x) is a constant number.
Therefore,

− Lm(1, x)−
2K
δ2
Lm(ϕ, x) ≤ Lm(f, x)− f(x)Lm(1, x)

≤ Lm(1, x) +
2K
δ2
Lm(ϕ, x).(3.8)

But

Lm(f, x)− f(x) = [Lm(f, x)− f(x)Lm(1, x)] + f(x)[Lm(1, x)− 1].(3.9)

Using (3.8) and (3.9), we have

Lm(f, x)− f(x) < Lm(1, x) +
2K
δ2
Lm(ϕ, x) + f(x)[Lm(1, x)− 1].(3.10)
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Next, estimate Lm(ϕ, x) as,

Lm(ϕ, x) = Lm((y − x)2, x) = Lm(y2 − 2xy + x2, x)

= Lm(y2, x)− 2xLm(y, x) + x2Lm(1, x)

= [Lm(y2, x)− x2]− 2x[Lm(y, x)− x] + x2[Lm(1, x)− 1].

Using (3.10), we obtain

Lm(f, x)− f(x) < Lm(1, x) +
2K

δ2
{[Lm(y2, x)− x2]− 2x[Lm(y, x)− x] + x2[Lm(1, x)− 1]}

+f(x)[Lm(1, x)− 1]

= [Lm(1, x)− 1] + +
2K
δ2
{[Lm(y2, x)− x2]− 2x[Lm(y, x)− x]

+x2[Lm(1, x)− 1]}+ f(x)[Lm(1, x)− 1].

Since is arbitrary, we can write

|Lm(f, x)− f(x)| ≤
µ
+
2K
δ2
+K

¶
|Lm(1, x)− 1|

+
4K
δ2
|Lm(y, x)− x|+ 2K

δ2
|Lm(y2, x)− x2|

≤ B
³
|Lm(1, x)− 1|+ |Lm(y, x)− x|+ |Lm(y2, x)− x2|

´
,(3.11)

where

B = max
µ
+
2K
δ2
+K, 4K

δ2
,
2K
δ2

¶
.

Now replacing

Lm(f ;x) by
1

bn − an

bnX
m=an+1

Tm(f ;x)
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and then by Lm(f ;x) in (3.11), we have for a given r > 0, there exists
> 0, such that < r. Then, by setting

Lm(x; r) =

⎧⎨⎩m : an < m ≤ bn and

¯̄̄̄
¯̄ 1

bn − an

bnX
m=an+1

Tm(f ;x)− f(x)

¯̄̄̄
¯̄ r
⎫⎬⎭

and for i = 0, 1, 2,

Li,m(x; r) =

⎧⎨⎩m : an < m ≤ bn and

¯̄̄̄
¯̄ 1

bn − an

bnX
m=an+1

Tm(fi;x)− fi(x)

¯̄̄̄
¯̄ r −3B

⎫⎬⎭ ,

we obtain,

Lm(x; r) ≤
2X

i=0

Li,m(x; r).

Clearly,

kLm(x; r)kC(X)
bn − an

≤
2X

i=0

kLi,m(x; r)kC(X)
bn − an

.(3.12)

Now, using the above assumption about the implications in (3.2) and by
Definition 4, the right-hand side of (3.12) is seen to tend to zero as n→∞.
Consequently, we get

lim
n→∞

kLm(x; r)kC(X)
bn − an

= 0 (r > 0).

Therefore, the implication (3.1) holds true.

This completes the proof of Theorem 2.

Example 4. Let X = [0, 1] and we consider the Bernstine polynomial
Bn(f ;x) on C[0, 1].
Let Lm : C[0, 1]→ C[0, 1] be sequence of operators defined as follows

Ln(f ;x) = [1 + gn(x)]x(1 + xD)Bn(f ;x), f ∈ C[0, 1],(3.13)
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4. Rate of Deferred Cesàro Eqiu-statistical Convergence

In this section, we will study the rate of deferred equi-statistical conver-
gence of a sequence of positive linear operators defined on C(X) with the
help of the modulus of continuity.

We now present below a definition.

Definition 6. Let (sn) be a positive non-increasing sequence. A sequence
(fn) is deferred equi-statistically convergent to a function (f) with rate of
o(sn), if for every > 0,

lim
n→∞

Ωn(x, )

sn(bn − an)
= 0,

uniformly
with respect to x ∈ X, or equivalently if

lim
n→∞

kΩn(x, )kC(X)
sn(bn − an)

= 0,

where
Ωn(x, ) = |{m : an ≤ m ≤ bn and |fm(x)− f(x)| }| .

In this case, we may write

fn(x)− f(x) = o(sn) (D(xn)-equi-stat) on X.

We now prove a lemma as follows.

Lemma 2. Let (fn) and (gn) belonging to C[X] satisfying

fn(x)− f(x) = o(sn) (D(xn)-equi-stat) on X

and
gn(x)− g(x) = o(cn) (D(xn)-equi-stat) on X.

Then the following conditions fairly hold true
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Generalized deferred Cesàro equi-statistical convergence ... 325

(i) (fn(x) + gn(x))− (f(x) + g(x)) = o(dn) (D(xn)-equi-stat) on X,

(ii) (fn(x)− f(x))(gn(x)− g(x)) = o(sncn) (D(xn)-equi-stat) on X,

(iii) λ(fn(x)− f(x)) = o(sn) (D(xn)-equi-stat) on X for any scalar λ,

(iv)
p
|fn(x)− f(x)| = o(sn) (D(xn)-equi-stat) on X,

where

dn = max{sn, cn}.

Proof. In order to prove the condition (i), for > 0 and x ∈ X, we define
the following sets:

Gn(x, ) = |{m : an ≤ m ≤ bn and |(fm + gm)(x)− (f + g)(x)| }| ,

G0,n(x, ) =

¯̄̄̄½
m : an ≤ m ≤ bn and |fm(x)− f(x)|

2

¾¯̄̄̄
,

and

G1,n(x, ) =

¯̄̄̄½
m : an ≤ m ≤ bn and |gm(x)− g(x)|

2

¾¯̄̄̄
.

Clearly,

we have

Gn(x, ) ⊆ G0,n(x, ) ∪G1,n(x, ).

Moreover, since

dn = max{sn, cn},

by the condition (3.1) of Theorem 2, we obtain

kGn(x, )kC(X)
sn(bn − an)

≤
kG0,n(x, )kC(X)
sn(bn − an)

+
kG1,n(x, )kC(X)
sn(bn − an)

.(4.1)

Again, by taking condition (3.2) of the Theorem 2, we obtain
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kGn(x, )kC(X)
sn(bn − an)

= 0,(4.2)

which completes the proof of condition (i). Next, the conditions (ii)-(iv)
being similar to (i), so by similar lines it can be proved.

Which completes the proof of the lemma.

Furthermore, we recall that the modulus of continuity of a function
f ∈ C[X] is defined by

ω(f, δ) = sup
|y−x|≤δx,y∈X

|f(y)− f(x)| (δ > 0).(4.3)

Then we state and prove the following result.

Theorem 3. Let X ⊂ R be a compact set, and let Lm : C(X)→ C(X) be a
sequence of positive linear operators. Suppose that the following conditions
hold true,

(i) Lm(1, x)− 1 = o(sn) (D(xn)-equi-stat) on X,

(ii) ω(f, δn) = o(cn) (D(xn)-equi-stat) on X,

where
δn(x) =

q
Lm(ϕ2;x) and ϕ(y) = y − x.

Then, for all f ∈ C(X), the following statement holds:

Lm(f, x)− f = o(dn) (D(xn)-equi-stat) on X,(4.4)

where
dn = max{sn, cn}.
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Proof. Let f ∈ C[X] and x ∈ X. Then it is well known that,
|Lm(f ;x)− f(x)| ≤ Lm(f(y)− f(x);x) + |f(x)||Lm(1;x)− 1|

≤ Lm
³
x−y
δ + 1;x

´
ω(f, δ) + |f(x)||Lm(1;x)− 1| (by equation 4.3)

≤
³
Lm(1;x) + 1

δ2Lm(ϕ
2;x)

´
ω(f, δ) + |f(x)||Lm(1;x)− 1|

¡
ϕ = (x− y)2

¢
≤ ω(f, δ)|Lm(1;x)− 1|+ ω(f, δ) + |f(x)||Lm(1;x)− 1|+ ω(f, δ) 1δ2Lm(ϕ

2;x),

and if we choose δ = δn =
p
Lm(ϕ2;x), we have

kLm(f ;x)− f(x)k∞ ≤ ω(f, δ)kLm(1;x)− 1k∞ + kf(x)k∞kLm(1;x)− 1k∞ + 2ω(f, δ)
≤M {ω(f, δ)kLm(1;x)− 1k∞ + kLm(1;x)− 1k∞ + ω(f, δ)} ,

where
M = {kfk∞, 2} .

Now, in the above inequality by using the conditions (i) and (ii) of The-
orem 3, in conjunction with Lemma 2, we arrive at the consequence (4.4)
of Theorem 3.

This completes the proof of the theorem.

5. Concluding Remark and Observations

In this concluding section of our investigation, we present several further re-
marks and observations concerning to various results which we have proved
here.

Remark 2. Let (fn)n∈N be the sequence of functions given in Example 2,
then as

fn → 0 (D(xn)-equi-stat) on [0, 1],

so

Lm(fi, x)→ fi (D(xn)-equi-stat) on [0, 1]; i = 0, 1, 2.(5.1)

Therefore, by Theorem 2, we write

Lm(f, x)→ f (D(xn)-equi-stat) on [0, 1] and for all f ∈ X.(5.2)

However, since (fn) is not deferred Cesàro statistically uniform conver-
gent to the function f = 0 on the interval [0, 1], and (fn) is not uniformly
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convergent (in the ordinary sense) to the function f = 0 on [0, 1], the clas-
sical Korovkin-type theorem does not work for the operators defined by
(3.13). Therefore, this application clearly shows that our Theorem 2 is a
non-trivial generalization of the classical and statistical version of Korovkin-
type theorem (see [13], [14]).

Remark 3. Let us suppose we replace the condition (i) and (ii) in our
Theorem 3 by the following condition

Lm(fi, x)− fi = o(sni) (D(xn)-equi-stat) on X; i = 0, 1, 2.(5.3)

Then, since

Lm(ϕ2;x) = Lm(y2;x)− 2xLm(y;x) + x2Lm(1;x),

so we can write

Lm(ϕ2;x) ≤ K
2X

i=0

|Lm(fi;x)− fi(x)|,(5.4)

where
K = 1 + 2kf1kC[X] + kf2kC[X].

Now it follows from (5.3), (5.4) and Lemma 2 that

δn =
q
Lm(ϕ2) = o(un) (D(xn)-equi-stat) on X,(5.5)

where
o(un) = max{sn0 , sn1 , sn2}.

Hence,
ω(f, δ) = o(un) (D(xn)-equi-stat) on X.

Using (5.5) in Theorem 3, we immediately see that, for all f ∈ C[X],

Lm(f ;x)− f(x) = o(un) (D(xn)-equi-stat) on X.(5.6)

Therefore, if we use the condition (5.3) in Theorem 3 instead of (i) and
(ii), then we obtain the rates of deferred Cesàro equi-statistical convergence
of the sequence of positive linear operators in Theorem 3.
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