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1. Introduction

The nonlinear evolution equations (NLEEs) are experienced in many fields
of engineering, mathematics, physics, chemistry and biology. Also, the
nonlinear evolution equations are extensively used to describe the complex
physical phenomena in various fields of science and engineering, mainly
in fluid mechanics, solid state physics, plasma wave and plasma physics
and chemical physics etc. In this work, we are going to solve a nonlinear
evolution equation known as the equal width wave equation [1]. The equal
width wave (EWW) equation is

ut + uux − µuxxt = 0,(1.1)

where µ is a positive parameter.

The solution of nonlinear partial differential equation plays an impor-
tant role in understanding the behavior of complex system. Equal width
wave (EWW) equation, introduced by Morrison et al. [2], is of great in-
terest because it is used as the model partial differential equation for the
simulation of one dimensional wave propagation in nonlinear media with
dispersive process. Various numerical and analytical techniques have been
used for finding the solution of the EWW equation.

Ji-Huan He [3] was the first who introduced the variational iteration
method in 1998. Yusufoglu and Bekir [4] obtained the numerical solution
of EWW equation by using the variational iteration method and compared
the obtained result with the solution obtained by the Adomian Decomposi-
tion Method. Jun and Xia [5] solved EWW equation by using the mesh-free
reproducing kernel particle Ritz method. Kaplan et al. [1] obtained exact
traveling wave solution of EWW equation by using the Auxiliary Equation
method. Bihloa and Popovych [6] solved the group classification problem
for the class of (1+1)-dimensional rth order (r > 2) linear evolution equa-
tions. They also computed exact solutions for equations from the class
under consideration using Lie reduction. The method of Lie group analysis
is used by Rosca et. al [7] to investigate the steady MHD double-diffusive
convection of a viscous and electrically conducting fluid from a permeable
vertical stretching/shrinking sheet. Lie symmetry analysis of the (2+1)-
dimensional dissipative AKNS equation is done by Ma et. al [8]. The
researchers [9, 10, 11, 12, 13, 14, 15] inspired us to solve Eq.(1.1) analyt-
ically by using the Lie symmetry Method. In the present work, we solve
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Lie symmetry analysis and traveling wave solutions of equal width ...187

the EWW equation by using the Lie Symmetry Method.

The outlines of this paper are as follows. In Sec.2, the general procedure
of Lie Symmetry Analysis Method have been discussed. In Sec.3, the Lie
point symmetry of the MEW equation (1.1) and the commutation relations
of the generators associated with the symmetry are provided by means of
the classical method. Also, optimal system of subalgebras are obtained
in Sec.3 by optimal system method. Sec.4 is devoted to the reduction of
nonlinear PDE (1.1) into nonlinear ODE by using similarity variable for
optimal system of subalgebras of Eq.(1.1). In Sec.5, exact traveling wave
solutions of the MEW Eq. (1.1) have been obtained by using tanh Method.
Power series solution of MEW equation and their convergence have been
proved in Sec.6. Finally, Sec.7 concludes the paper.

2. General procedure of Lie Symmetry Analysis Method

In this section, we describe the general strategy of Lie symmetry analysis
[16, 17, 18] to determine the symmetries of any system of nonlinear partial
differential equations (NPDEs). Let us consider the general nonlinear sys-
tem of k-th order partial differential equations (PDEs) in m-independent
variables say X = (x1, x2, ..., xm) ∈ Rm and n-dependent variables say
U = (u1, u2, ..., un) ∈ Rn in the following form:

∆ν(X,U (k)) = 0, ν = 1, 2, ..., l,(2.1)

where U (k) represents all order derivatives of u upto k.

We consider one parameter Lie group of infinitesimal transformations
acting on both the independent and dependent variables of system (2.1),
as follows:

x̃i → xi + ξi(X,U) +O( 2), i = 1, 2, ...m,

ũj → uj + ηj(X,U) +O( 2), j = 1, 2, ...n,(2.2)

where is a very small parameter of the transformation, usually taken as
<< 1 and ξi and ηj are the infinitesimals of the transformation with

respect to the independent and dependent variables, respectively.
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188 Antim Chauhan, Rajan Arora and Amit Tomar

The infinitesimal generator of the above transformation can be written
as

V =
mX
i=1

ξi(X,U)
∂

∂xi
+

nX
j=1

ηj(X,U)
∂

∂uj
.(2.3)

The surface invariance condition of the system (2.1) is given as

Pr(k)V [∆ν(X,U (k))] = 0, ν = 1, 2, ..., l,

whenever ∆ν(X,U (k)) = 0,(2.4)

where Pr(k) represents the k-th order prolongation of the infinitesimal gen-
erator V , which is defined as

Pr(k)V = V +
nX

r=1

X
J

ηJr (X,U (k))
∂

∂urJ
,(2.5)

where J = (j1, j2, ...js), 1 ≤ js ≤ m, 1 ≤ s ≤ k and the sum varies over all
J’s of order 0 < J ≤ k. If J = s, the coefficient ηJr of

∂
∂urJ

will only depend

on the s-th or less order derivatives of U , and we have

ηJr (X,U (k)) = DJ(ηr −
mX
i=1

ξiuri ) +
mX
i=1

ξi
∂

∂urJ,i
,(2.6)

where uri =
∂ur

∂xi
and urJ,i =

∂urJ
∂xi
.

The infinitesimal symmetries form a Lie algebra under the usual Lie bracket.

3. Lie Symmetry Analysis of Equal Width Wave Equation

In this section, we applied the Lie group method on equation (1.1). Let us
consider one parameter ( << 1) Lie group of infinitesimal transformations
for the variables x, t and u as follows:

x̃ = x+ ξ(x, t, u) +O( 2),

t̃ = t+ τ(x, t, u) +O( 2),

ũ = u+ η(x, t, u) +O( 2),(3.1)
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where ξ,τ and η are the infinitesimals. For more details, we give the refer-
ence of Olver [16] and Bluman & Cole [18]. The infinitesimal generator of
equation (1.1) is as follows:

V = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ η(x, t, u)

∂

∂u
.(3.2)

The third prolongation is defined as

Pr(3)V = ξ ∂
∂x + τ ∂

∂t + η ∂
∂u + [η

x] ∂
∂ux

+ [ηt] ∂
∂ut

+ [ηxx] ∂
∂uxx

+ [ηxt] ∂
∂uxt

+

[ηtt] ∂
∂utt

+ [ηxxx] ∂
∂uxxx

+ [ηxxt] ∂
∂uxxt

+ [ηxtt] ∂
∂uxtt

+ [ηttt] ∂
∂uttt

.

By applying third prolongation (Pr(3)V ) of vector V to the equation (1.1),
we obtain the surface invariance condition, which is given by the following
equation:

ηux + [η
t] + u[ηx]− µ[ηxxt] = 0,(3.3)

where [ηt], [ηx] are the first extensions of V for the dependent variable u
and [ηxxt] is the third extension of V for the dependent variable u.

By putting the values of coefficients [ηt], [ηx], [ηxxt] and making use of
equation (1.1) into (3.3), we get an equation in terms of partial derivatives
of ξ, η and τ . Then, we equate the coefficients of various monomials to zero
and get the system of PDEs. We find infinitesimals by solving the obtained
system of PDEs. These infinitesimals can be determined by doing calcu-
lation either manually or by using software MAPLE or MATHEMATICA.
Here, we obtained these infinitesimals by using MAPLE 15 as follows:

ξ = c3, τ = c1t+ c2, η = −c1u,(3.4)

where c1, c2 and c3 are the arbitrary constants.

The Lie algebra of infinitesimal symmetries of equation (1.1) is spanned
by the following vector fields:

V1 = t
∂

∂t
− u

∂

∂u
, V2 =

∂

∂t
, V3 =

∂

∂x
.(3.5)
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190 Antim Chauhan, Rajan Arora and Amit Tomar

The set {V1, V2, V3} is closed under Lie bracket. The commutation re-
lations of Lie algebra between V1, V2, V3 are shown in Table 1.

Table 1
Commutation Table of Lie Algebra.

[Vi, Vj ] V1 V2 V3
V1 0 −V2 0
V2 V2 0 0
V3 0 0 0

In the Commutation Table 1, the (i, j)-th entry is taken as the value of
Lie bracket which is defined as [Vi, Vj ] = ViVj − VjVi. Observing the table,
we can state that the given algebra is solvable, where V1 is the casimir op-
erator. Obviously, the table is skew-symmetric with zero diagonal elements
and all V 0i s, i = 1, 2, 3 are linearly independent.

Now, corresponding to the different values of constants ci (i = 1, 2, 3),
we consider the following different seven infinitesimal generators:

Case 1. c1 = 1, c2 = 0, c3 = 0, we get infinitesimal generator:
V1 = t ∂∂t − u ∂

∂u .

Case 2. c1 = 0, c2 = 1, c3 = 0, we get infinitesimal generator: V2 =
∂
∂t .

Case 3. c1 = 0, c2 = 0, c3 = 1, we get infinitesimal generator: V3 =
∂
∂x .

Case 4. c1 = 1, c2 = 0, c3 = 1, we get infinitesimal generator:
V4 =

∂
∂x + t ∂∂t − u ∂

∂u .

Case 5. c1 = 1, c2 = 1, c3 = 0, we get infinitesimal generator:
V5 = (t+ 1)

∂
∂t − u ∂

∂u .

Case 6. c1 = 1, c2 = 1, c3 = 1, we get infinitesimal generator:
V6 =

∂
∂x + (t+ 1)

∂
∂t − u ∂

∂u .
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Case 7. c1 = 0, c2 = −k, c3 = d, we get infinitesimal generator:
V7 = d ∂

∂x − k ∂
∂t .

Next, we search for the optimal system of the one dimensional subalge-
bras for the Eq. (1.1) based on method in [16, 19].

Optimal System of Subalgebras :

According to the theory of [16, 19, 20] an optimal system of one param-
eter subgroup is the list of conjugacy inequivalent one parameter subgroup
with the property that any other subgroup is conjugate to precisely one
subgroup in the list. Similarly, a list of one parameter subalgebras forms
an optimal system if every one parameter subalgebra is equivalent to a
unique member of the list under some element of the adjoint representa-
tion. Thus for one dimensional subalgebras, this classification problem is
essentially the same as the problem of classifying the orbits of the adjoint
representation. In this paper, we are interested only on the symmetry alge-
bra of the equal width wave equation which is spanned by the vector fields
V1, V2 and V3. Every one dimensional subalgebra is determined by a non
zero vector of the form:

V = c1V1 + c2V2 + c3V3.(3.6)

where ci are the arbitrary constants. We try to simplify many of the coef-
ficients ci as far as possible through judicious application of adjoint maps
to V . For this purpose we need to find adjoint representation, which can
be obtain by using the following Lie series

Ad(exp( Vi))Vj = Vj − [Vi, Vj ] +
2

2 [Vi, [Vi, Vj ]]− · · ·.
Adjoint representation of vector fields of modified equal width wave

equation are given in the table below:
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192 Antim Chauhan, Rajan Arora and Amit Tomar

Table 2
Adjoint Representation of Lie Algebra of Eq. (1)

[Vi, Vj ] V1 V2 V3
V1 V1 (1 + )V2 V3
V2 V1 − V2 V2 V3
V3 V1 V2 V3

We obtained the following optimal system for equation (1.1), by using
the optimal system method:
(1). V1
(2). V2
(3). V3
(4). V3 + V1
(5). V3 − V1.

From the above obtained optimal system it is clear that the symmetry
(x; t;u) → (−x; t;u); will map (4) to (5); so, we analysis reductions and
exact solutions of the remaining four essential vector fields in the optimal
system.

4. Symmetry Reductions and Exact Solution of EWW Equa-
tion

Vector field (1) V1
Corresponding to the infinitesimal generator V1 = t ∂∂t − u ∂

∂u , we have the

following characteristic equation: dx
0 =

dt
t =

du
−u , thus by taking the appro-

priate combinations from this characteristic equation, we get the similarity
variable and function as:

X = x,(4.1)

u =
F (X)

t
,(4.2)

where X is the similarity variable, F is the similarity function and u is the
group invariant solution.

By making use of Eqs.(4.1)-(4.2) in Eq.(1.1), we obtained the following
reduced equation:

rvidal
Cuadro de texto
186



Lie symmetry analysis and traveling wave solutions of equal width ...193

−F + FFX + µFXX = 0.(4.3)

The equation (4.3) is a nonlinear ordinary differential equation (ODE).
In order to solve this nonlinear ODE, we used the power series method and
obtained the exact group invariant solution of Eq.(1.1) in section 6.

Vector field (2) V2
Corresponding to the infinitesimal generator V2 =

∂
∂t , we have the following

characteristic equation : dx
0 =dt

1 =
du
0 , thus by taking appropriate combi-

nations from this characteristic equation, we get the similarity variable and
function as:

X = x,(4.4)

u = F (X),(4.5)

where u is the group invariant solution of Eq.(1.1). Using Eqs.(4.4)-(4.5),
Eq.(1.1) reduces to the following ODE:

FFX = 0 ⇒ FX = 0,(4.6)

By solving the equation (4.6), we get F = B1, which implies u = B1,
where B1 is an arbitrary constant. In this case, we get the trivial solution
of Eq.(1.1).

Vector field (3) V3
Corresponding to the infinitesimal generator V3 =

∂
∂x , we have the fol-

lowing characteristic equation : dx
1 =dt

0 =
du
0 , thus by taking appropriate

combinations from this characteristic equation, we get similarity variable
and function as:

T = t,(4.7)

u = F (T ),(4.8)
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194 Antim Chauhan, Rajan Arora and Amit Tomar

where T is the similarity variable, F is the similarity function and u is the
group invariant solution of Eq.(1.1). Using Eqs.(4.7)-(4.8), Eq.(1.1) reduces
to

FT = 0.(4.9)

On solving equation (4.9), we get F = B2, which implies u = B2, where
B2 is an arbitrary constant. In this case also, we obtained the trivial solu-
tion of Eq. (1.1.

Vector field (4) V4 = V3 + V1

Corresponding to the infinitesimal generator V4 =
∂
∂x + t ∂∂t − u ∂

∂u , we

have the following characteristic equation : dx
1 =dt

t =
du
−u , thus by solving

this characteristic equation, we obtained the group invariant solution as
given below

X =
ex

t
,(4.10)

u =
F (X)

t
,(4.11)

with similarity variable X and similarity function F . Now, by making use
of Eqs. (4.11)- (4.13), Eq. (1.1) reduces to the following ODE:

−F −XFX +XFFX + µ[2XFX + 4X
2FXX +X3FXXX ] = 0.(4.12)

Eq. (4.12) is a nonlinear ODE which can be solved numerically.

5. Some More Exact Solutions of EWW Equation by Tanh
Method

The Main Steps of Tanh Method :

In this section, we discussed main steps of tanh method. The tanh
method is first developed by Malfliet [21]. We will refer to Malfliet [21]

rvidal
Cuadro de texto
188



Lie symmetry analysis and traveling wave solutions of equal width ...195

and A. M. Wazwaz [22] for more details. This method is based on the
fundamental concept that the traveling wave solution can be written in
terms of tanh function. By using the tanh method one can find out exact
traveling wave solutions or solitary solutions of nonlinear partial differential
equations by converting them into nonlinear ordinary differential equations
taking traveling wave transformation.

The main steps of the tanh method [9, 22, 23] are as follows:

Step 1: Let us consider nonlinear partial differential equation (NPDE),
given as

H(u, ux, uxx, ..., ut) = 0,(5.1)

where H is a polynomial in u, ux, uxx, ...ut.

Step 2: We use the traveling wave transformation u(x, t) = F (X), X =
k x + d t, where k and d are the unknown parameters to be determined
later. By making use of this transformation, the nonlinear PDE (2.1) gets
converted into nonlinear ODE:

I(F,F 0, F 00, F 000...) = 0.(5.2)

Step 3: Let us take the solution of Eq.(5.2) in the form finite series, given
below:

F (X) =
NX
i=0

aiY
i,(5.3)

where N is a positive integer, which is to be determined by balancing
the highest order nonlinear term with the highest order linear term in the
resulting equation, and Y = tanh(X) is the new independent variable.

We replace all the derivatives in the resulting Eq.(5.2) with the following
change of derivatives:
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d
dX = (1− Y 2) d

dY ,
d2

dX2 = −2Y (1− Y 2) d
dY + (1− Y 2)2 d2

dY 2 ,
d3

dX3 = 2(1− Y 2)(3Y 2 − 1) d
dY − 6Y (1− Y 2)2 d2

dY 2 + (1− Y 2)3 d3

dY 3 .

Similarly, the other derivatives can be obtained.

In order to find the value of the index N , we use the following scheme:
F → N,
Fn → nN,
F 0 → N + 1,
F 00 → N + 2,

F (s) → N + s.

Step 4: In this step, we substitute the value of F and all its derivatives into
Eq.(5.2), then we collect the coefficients of Y i (i = 1, 2, 3, ...) and equat-
ing them to zero, we obtained system of nonlinear algebraic equations with
unknown parameters ai, i = 1, 2, ..., N . This system of algebraic equa-
tions can be solved either manually or by any symbolic program such as
MAPLE or MATHEMATICA. Thus, one can get the solitary wave solutions
or traveling wave solution of Eq.(2.1) by putting the values of unknowns
into Eq.(5.3).

Implementation of Tanh Method on EWW Equation:
By taking constants c1 = 0, c2 = −k, c3 = d in Eq. (3.4), we get infinites-
imal generator: V5 = d ∂

∂x − k ∂
∂t , for which we have the following charac-

teristic equation: dx
d =

dt
−k=

du
0 , thus by solving this characteristic equation,

we obtained the following group invariant solution

X = k x+ d t,(5.4)

u = F (X),(5.5)

with similarity variable X = k x+d t which is in the form of traveling wave,
where k and d are the unknown constants to be determined later. Now,
by using the traveling wave transformation X = k x + d t and Eqs.(5.5),
Eq.(1.1) reduces to the following nonlinear ordinary differential equation:

dFX + kFFX − µdk2FXXX = 0.(5.6)

On integrating Eq.(5.6) and taking integration constant zero, we obtain
the following nonlinear ODE:
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2 dF + kF 2 − 2µd k2FXX = 0.(5.7)

Here, we apply tanh method for finding exact solution of Eq. (5.7)

On introducing a new variable Y = tanh(X), Eq.(5.7) is reduced to the
equation:

2dF + kF 2 − 2µdk2[−2Y (1− Y 2)FY + (1− Y 2)2FY Y ] = 0.(5.8)

Let us take the solution of Eq. (5.8) in the following form:

F (Y ) =
NX
i=0

aiY
i,(5.9)

where ai (i = 1, 2, ..., N) and N are the unknown parameters.
Now, we determine the parameter N, by balancing the linear term of
highest-order with the highest order nonlinear terms. Therefore, we bal-
ance F 2and FY Y and get: 2N = N + 2⇒ N = 2.
Therefore, the finite expression in Eq. (5.9) reduces to the following ex-
pression:

F (Y ) = a0 + a1Y + a2Y
2.(5.10)

After putting the values of F,F 2, FY and FY Y in Eq.(5.8) and then
equating the coefficients of Y i, i = 0, 1, 2, 3, 4, we obtained the system of
nonlinear algebraic equations as follows:

Coeff. of Y 0: 2da0 + ka20 − 4µdk2a2 = 0,
Coeff. of Y 1: 2da1 + 2ka0a1 + 4µdk

2a1 = 0,
Coeff. of Y 2: 2da2 + k(a21 + 2a0a2) + 16µdk

2a2 = 0,
Coeff. of Y 3: 2ka1a2 − 4µdk2a1 = 0,
Coeff. of Y 4: ka22 − 12µdk2a2 = 0.

By solving above system of nonlinear algebraic equations with the help
of MAPLE 15, we obtain the following sets of unknown parameters:

Set 1. : µ = µ, k = −12 , a0 = 6d, a1 = 0, a2 = −6d,
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Set 2. : µ = µ, k = 1
2 , a0 = −6d, a1 = 0, a2 = 6d,

Set 3. : µ = µ, k = k, a0 = 0, a1 = 0, a2 = 0,
Set 4. : µ = µ, k = k, a0 = −2dk , a1 = 0, a2 = 0,
Set 5. : µ = µ, k = ± i

2 , a0 = −2d(±i), a1 = 0, a2 = 6d(±i),

Therefore, the traveling wave solutions of Eq. (1.1) for µ = 1 are as follows:

Corresponding to Set 1:

u(x, t) = 6d− 6d tanh2(−x
2
+ d t).(5.11)

Corresponding to Set 2:

u(x, t) = −6d+ 6d tanh2(x
2
+ d t),(5.12)

Corresponding to Set 3:

u(x, t) = 0.(5.13)

In this case, we found trivial solution of Eq. (1.1).

Corresponding to Set 4:

u(x, t) = −2d
k
,(5.14)

Clearly, it is a constant solution of Eq. (1.1).

Corresponding to Set 5:

u(x, t) = −2di+ 6di tanh2(ix
2
+ d t),(5.15)

u(x, t) = 2di− 6di tanh2(−ix
2
+ d t).(5.16)
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6. Power Series Solutions and Their Convergence

In this section, we have obtained power series solution of Eq. (4.3). Let
the Eq. (4.3) have the solution in the form of power series:

F (X) =
∞X
n=0

CnX
n.(6.1)

Substituting Eq. (6.1) into Eq. (4.3), we get

−
∞X
n=0

CnX
n +

∞X
n=0

CnX
n
∞X
n=1

CnnX
n−1 + µ

∞X
n=2

n(n− 1)CnX
n−2 = 0.

The above equation can be rewritten as

−C0 + C0C1 + 2µC2 −
∞X
n=1

CnX
n +

∞X
n=1

nX
k=0

(n+ 1− k)CkCn+1−kX
n

+µ
∞X
n=1

(n+ 1)(n+ 2)Cn+2X
n = 0.(6.2)

On equating the coefficients of xn on both the sides, for n = 0 in the
above equation, we obtain

C2 =
C0 − C0C1

2µ
,(6.3)

and for n ≥ 1, we obtain

Cn+2 =
1

µ(n+ 1)(n+ 2)
[Cn −

nX
k=0

(n+ 1− k)CkCn+1−k].(6.4)

Therefore, the power series solution can be written as

F (X) = C0 + C1X + C2X
2 +

P∞
n=1Cn+2X

n+2

= C0 + C1X + C0−C0C1
2µ X2 +

P∞
n=1

1
µ(n+1)(n+2)

[Cn −
Pn

k=0(n+ 1− k)CkCn+1−k]Xn+2.
Therefore the power series solution of Eq. (1.1) is
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u(x, t) = F (X)
t

= 1
t [C0 + C1x+

C0−C0C1
2µ x2 +

P∞
n=1

1
µ(n+1)(n+2)

[Cn −
Pn

k=0(n+ 1− k)CkCn+1−k]xn+2],

Covergence of power series solution:
Here, we proved the convergence of power series solution in Eq. (6.1) of Eq.
(4.3). From Eq. (6.3), it is clear that C0 and C1 are two arbitrary constants,
so let us take C0 = α 6= 0 and C1 = β. Therefore, Eq.(6.3) implies

C2 =
α(1−β)
2µ . Furthermore, from Eq. (6.4) we have C3 =

β−2αC2−β2
6µ .

In similar way, the other coefficients can be determined.
Now, from Eq.(6.4), we have

|Cn+2| ≤M [|Cn|+
nX

k=0

|Ck||Cn+1−k|],(6.5)

where M = 1
µ with µ being positive parameter. Now, we define new power

series γ = P (X) = Σ∞n=0pnX
n as

p0 = |C0| = |α|, p1 = |C1| = |β|, p2 = |C2|,
and
pn+2 =M [pn +

Pn
k=0 pkpn+1−k], n = 1, 2, · · ·.

It can be shown easily that |Cn| ≤ pn, n = 1, 2, 3, · · ·, that is
the series γ = P (X) = Σ∞n=0pnX

n is the major series of the series in Eq.
(6.1).

Now, we show that this major series has positive radius of convergence
as follows:

P (X) = p0 + p1X + p2X
2 +

P∞
n=1 pn+2X

n+2

= p0 + p1X + p2X
2 +M [

P∞
n=1 pnX

n+2 +
P∞

n=1

Pn
k=0 pkpn+1−kX

n+2]
= p0 + p1X + p2X

2 +M [(γ − p0 + p0p1 − p1γ)X
2 + (γ2 − 2γp0 + p20)X].

We have the implicit functional equation, written as
G(X, γ) = γ − P (X)

= γ − p0 − p1X − p2X
2 −M [(γ − p0 + p0p1 − p1γ)X

2 + (γ2 − 2γp0 + p20)X].

Clearly, G is analytic function in (X, γ)-plane andG(0, p0) = 0, G
0
γ(0, p0) =

1 6= 0, therefore by the implicit function theorem [24], γ = P (X) is analytic
in the neighbourhood of the point (0, p0) and having positive radius of con-
vergence. Hence, the power series is (6.1) convergent in the neighbourhood
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