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Abstract

The concept of multiset is a generalization of Cantor set. In this
paper we have attempted to generalize the concept of group in the
multiset context and define multiset subgroup and studied some of their
basic properties.
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1. Introduction

A multiset (mset) is a collection of objects, unlike a standard Cantorian
set, in which the elements are allowed to repeat. It is observed from the
survey of available literature on multiset and its application that the idea
of multiset was hinted by R. Dedikind in 1888. The multiset theory which
contains set theory as a special case was introduced by Cerf et al.[3]. The
term multiset, as Knuth noted [5], was first suggested by N.G. de Bruijn in
a private communication to him. Further study was carried on by Peterson
[7], Yager [9], Blizard ([1], [2]) gave a new dimension to the multiset theory.
From a practical point of view multisets are very useful structures arising
in many areas of mathematics and computer science. Multiset Topological
space has been studied by Shravan and Tripathy [8]. The prime factoriza-
tion of an integer n > 0 is a example of a multiset. The terminal string of
a non-circular context-free grammer form a multiset which is a set if and
only if the grammar is unambiguous.

Research on the multiset theory has not yet gained much ground and
it is still in its infant stages. The research carried out so far shows a strong
analogy in the behavior of multisets. It is possible to extend some of the
main notion and results of sets to the setting of multisets. In 2009, Girish
et al. [4] introduced the concepts of relation, function, composition and
equivalence in multiset context.

Tella and Daniel [9] have considered set of mappings between multisets
and studied about symmetric groups under multiset perspective. Nazmul
et.al. [6] have considered the initial universe set to be a group. Then they
have defined a group on the multiset derived from the initial universe set.
In this article we have considered the general multiset of universal set X
and consider G, a submset of X. Then we define two operations, one on
the base set and the other on the multi elements. Then we show that it
form am-group. The idea came to us, since different types of groups can be
defined from the same universal set. For example, additive, multiplicative
groups can be formed on the set of real numbers.

2. Definitions and Preliminaries

We procure the following definitions available in the existing literatures,
those will be used in this article.

Definition 2.1: A collection of elements which are allowed to repeat is
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called a multiset. Formally if X is a set of elements, a multiset A drawn
from the set X is represented by a function CA defined by CA : X → N ,
where N represents the set of non negative integers.

For each x ∈ X, CA (x) is the characteristic value of x in A and indicates
the number of occurrences of the element x in A. A multiset A is a set if
CA (x) = 0 or 1 for all x ∈ X.

The word ”multiset” often used as ”mset”.

Definition 2.2: Let A be a mset. Then A∗ is called the root set of A if
for each x such that CA (x) > 0 implies that x ∈ A∗, and for every x such
that CA (x) = 0 implies that x /∈ A∗.

i.e, the characteristic function of A∗, CA∗ (x) =

(
1, if CA (x) > 0,
0, if CA (x) = 0.

i.e, A∗ is an ordinary set.

Definition 2.3: Let A1 and A2 be two msets drawn from a set X. A1 is
a sub-mset of A2 (A1 ⊆ A2) if CA1 (x) ≤ CA2 (x) ∀x ∈ X. A1 is a proper
sub-mset of A2 (A1 ⊂ A2) if CA1 (x) ≤ CA2 (x) ∀x ∈ X and there exists at
least one x ∈ X such that CA1 (x) < CA2 (x).

Definition 2.4: The cardinality of an mset A drawn from a set X is de-
fined by card A =

P
x∈X CA (x). It is also denoted by |A|.

Definition 2.5: The addition of two msets A1 and A2 drawn from a set
X is a mset A denoted by A = A1 ⊕ A2 such that ∀x ∈ X, CA (x) =
CA1 (x) + CA2 (x).

Definition 2.6: The subtraction of two msets A1 and A2 drawn from a
set X is a mset A denoted by A = A1 ª A2 such that ∀x ∈ X, CA (x) =
Max {CA1 (x)−CA2 (x) , 0}.

Definition 2.7: The union of two msets A1 and A2 drawn from a set X
is a mset A denoted by A = A1 ∪ A2 such that for all x ∈ X, CA (x) =
max {CA1 (x) , CA2 (x)}.

Definition 2.8: The intersection of two msets A1 and A2 drawn from
a set X is a mset A denoted by A = A1 ∩ A2 such that for all x ∈ X,
CA (x) = min {CA1 (x) , CA2 (x)}.

Remark 2.1: Let A be a mset from X with x appearing n times in A. It
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is denoted by x ∈n A.

Definition 2.9: Let A1 and A2 be two msets drawn from a set X. Then
the Cartesian product of A1 and A2 is defined by
A1 ×A2 = {mn/ (x, y) : x ∈m A1, y ∈n A2}.

Throughout the paper, we assume, if A be a mset with the maximum
multiplicity n, then all the elements of the type l/x1 ∈ A or x1 ∈l A where
l ≤ n, unless otherwise stated.

3. Main Results

We introduce the following definitions:

Definition 3.1: Let A be a non-empty mset whose maximum multiplicity
is n and A∗ be the root set of A. Let m1/x1, m2/x2 ∈ A. Then 0∗0 is called
a binary mset composition on A if m1/x1 ∗ m2/x2 = m1 ∗1 m2/x1 ∗2 x2,
where

(i) 0∗01 is a binary composition on N and (m1 ∗1m2) ≤ n.

(ii) 0∗02 is a binary composition on A∗.

Definition 3.2: Let, 0∗0 is called a binary mset composition on a mset A
.Then A is called closed under 0∗0 if

m1/x1 ∗m2/x2 ∈ A, for all m1/x1, m2/x2 ∈ A.

Definition 3.3: A binary mset composition 0∗0 on a mset A is said to be
associative if

m1/x1 ∗ (m2/x2 ∗m3/x3)

= (m1/x1 ∗m2/x2) ∗m3/x3, for all m1/x1, m2/x2, m3/x3 ∈ A.

Definition 3.4: A binary mset composition 0∗0 on a mset A is said to be
commutative if

m1/x1 ∗m2/x2 = m2/x2 ∗m1/x1 for all m1/x1, m2/x2 ∈ A.

Definition 3.5: Let A be a mset with maximum multiplicity n and 0∗0 be
a binary mset composition on A. An element n/e ∈ A is called the identity
element of A if

n/e ∗m/x = m/x = m/x ∗ n/e for all m/x ∈ A.
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Note 3.1. Without loss of generality, we assume that the identity element
appears with the maximum multiplicity in every sub-mset A of X.

Example 3.1: Let ω denote the cube root of unity andGn =
£
n/1, n/ω, n/ω2

¤
be a mset with the binary mset composition 0∗0 defined by

m1/x1 ∗m2/x2 = min {m1,m2} /x1.x2, where the binary composition
on the root set is the usual multiplication. Then it can be easily veri-
fied that in Gn the closure property, associative property and commutative
property hold.

Definition 3.6: Let A be a mset with maximum multiplicity n and 0∗0 be
a binary mset composition on A. An element (m/x)−1 ∈ A is called the
inverse element of m/x ∈ A if

(m/x)−1 ∗m/x = n/e = m/x ∗ (m/x)−1.

Example 3.2: Let G4 = [4/1, 4/− 1, 4/i, 4/− i], where i is the imaginary
unit, be a mset with the binary composition 0∗0 is defined by

m1/x1 ∗m2/x2 =¿ m1 +m2 Àn /x1.x2,

where, ¿ m1 +m2 Àn=

(
m1 +m2, if m1 +m2 ≤ n

(m1 +m2)− n, if m1 +m2 > n

and the binary composition on the root set be the usual multiplication.

Here, 4/1 is the identity element of G4, since 4/1 ∗ m/x = m/x =
m/x ∗ 4/1 for all m/x ∈ G4.

Further every element of G4 has a inverse such as (3/i)−1 = 1/− i.

Definition 3.7: Let A be a non-empty mset associated with a binary mset
composition. Then the algebraic structure (A, ∗) is called a multi-group of
order n if the following axioms are satisfies;

(i) Closure property.

i.e, m1/x1 ∗m2/x2 ∈ A, for all m1/x1, m2/x2 ∈ A.

(ii) Associative property.
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i.e, m1/x1∗(m2/x2 ∗m3/x3) = (m1/x1 ∗m2/x2)∗m3/x3, for allm1/x1,
m2/x2, m3/x3 ∈ A.

(iii) Existence of identity.

i.e, n/e ∗m/x = m/x = m/x ∗ n/e for all m/x ∈ A.

(iv) Existence of inverse.

i.e, there exists a (m/x)−1 ∈ A for all m/x such that (m/x)−1 ∗m/x =
n/e = m/x ∗ (m/x)−1.

Remark 3.1: The mset G4 of Example 3.2 forms a multi-group of order
4 under the binary composition 0∗0 defined by

m1/x1 ∗m2/x2 =¿ m1 +m2 Àn /x1.x2.

Theorem 3.1: In a multi-group, the identity element is unique.

Proof: Let (A, ∗) be a multi-group of order n.

Suppose that n/e and n/e0 be two identity elements of A.

Then from above definition we have,

n/e ∗ n/e0 = n/e0 and n/e ∗ n/e0 = n/e.

i.e, n/e = n/e0.

Theorem 3.2: For each element in a multi-group, there is an unique in-
verse element.

Proof: Let (A, ∗) be a multi-group of order n and m/a ∈ A.

Suppose that m1/b and m2/c be two inverses of m/a.

Then by the above definition we have,
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m/a ∗m1/b = m1/b ∗m/a = n/e

and m/a ∗m2/c = m2/c ∗m/a = n/e.

Now, m1/b = m1/b ∗ n/e

= m1/b ∗ (m/a ∗m2/c)

= (m1/b ∗m/a) ∗m2/c

= n/e ∗m2/c

= m2/c.

Hence the proof.

Definition 3.8: Let (A, ∗) be a multi-group. Then the multi-group is
called an abelian multi-group if it satisfies the commutative property.

Definition 3.9: A multi-subgroup of a multi-group (A, ∗) is a sub-mset of
A which is also a group with respect to the same binary mset composition
0∗0 as in A.

Note 3.1. If (A, ∗) be a multi-group of order n then A and [n/e] be two
trivial multi-subgroups of A.

Example 3.3: The multiset group discussed in Example 3.2, i.e.
¡
G4, ∗

¢
is an abelian multi-group.

Example 3.4: Consider the mset group G4 of Example 3.2, let S4 =
[4/1, 4/− 1] is a non trivial multi-subgroup of G4.

Remark 3.3: S be a multi-subgroup of A, if

(i) S∗ be a subgroup of A∗.

(ii) S has the same maximum multiplicity as of A.

Theorem 3.3: A necessary and sufficient condition for a non-empty sub-
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mset S of a multi-group (A, ∗) of order n to be a multi-subgroup is that for
all m1/a,m2/b ∈ S implies m1/a ∗ (m2/b)

−1 ∈ S.

Proof: Assume that S 6= ∅ and m1/a∗ (m2/b)
−1 ∈ S, for all m1/a,m2/b ∈

S.

Now if we take, m2/b = m1/a,

then m1/a ∗ (m1/a)
−1 = n/e ∈ S [Existence of identity].

Since n/e ∈ S, for any m1/a ∈ S,

n/e ∗ (m1/a)
−1 = (m1/a)

−1 ∈ S [Existence of inverse].

Now for any m1/a,m2/b ∈ S which also implies (m2/b)
−1 ∈ S,

m1/a ∗
³
(m2/b)

−1
´−1

= m1/a ∗m2/b ∈ S [Closure property].

Also the associative property holds in S, since S is a sub-mset of A i.e,
S is a multi-subgroup.

Conversely, let S be a of a multi-subgroup of a multi-group A of order n.

Then n/e ∈ S, i.e, S 6= ∅.

If m1/a,m2/b ∈ S then (m2/b)
−1 ∈ S.

So by closure property we have, m1/a ∗ (m2/b)
−1 ∈ S.

Theorem 3.4: Intersection of two multi-subgroups is again a multi-subgroup.

Proof: Let S1 and S2 be two multi-subgroups of a multi-group A of order n.

Then S1 ∩ S2 6= ∅, since n/e ∈ S1 ∩ S2.

Let, m1/a,m2/b ∈ S1 ∩ S2.

Therefore m1/a,m2/b ∈ S1 and also m1/a,m2/b ∈ S2.



On multiset group 487

So by Theorem 3.3 we have m1/a ∗ (m2/b)
−1 ∈ S1 and also m1/a ∗

(m2/b)
−1 ∈ S2 i.e, m1/a ∗ (m2/b)

−1 ∈ S1 ∩ S2.

Hence the theorem.

Result 3.5: The union of two multi-subgroups may not be a multi-subgroup.

Example 3.5: Let, (A, ∗) be a multi-group of order n where the root set
A∗ = {0,±1,±2, . . . . . .} and the binary composition 0∗0 defined by

m1/x1 ∗m2/x2 =¿ m1 +m2 Àn /x1 + x2,

where, ¿ m1 +m2 Àn=

(
m1 +m2, if m1 +m2 ≤ n

(m1 +m2)− n, if m1 +m2 > n

and the binary composition on the root set is the usual addition.

Here S1 = [. . . , n/− 4, n/− 2, n/0, n/2, n/4, . . .]

and S2 = [. . . , n/− 6, n/− 3, n/0, n/3, n/6, . . .]

are two multi-subgroups of A.

Now S1∪S2 = [. . . , n/− 3, n/− 2, n/0, n/2, n/3, . . .] which is not closed.

Since, n/− 3 ∗ n/− 2 /∈ S1 ∪ S2.
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