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ABSTRACT

This paper presents a mathematical model validated with experimental data for the analysis of biodiesel 
production from microalgae biomass, using as an alternative substrate industrial wastewater. System 
dynamics methodology was used for its development, by which the mathematical model representing the 
production of biomass and lipids was obtained, as well as the generation of biodiesel from microalgae oil. 
Biomass generation was represented by a basic growth model which assumes that there is no restriction for 
nutrients. This biomass generates a quantity of lipids according to the nitrogen-phosphorus ratio present in 
the industrial effluent, with higher production under low nitrogen concentration. Finally, these lipids are 
transformed into an amount of fatty acid methyl-ester that varies at a rate of transesterification. Validation and 
calibration of model behavior, was performed with experimental data obtained in tests of the Scenedesmus sp. 
microalgae growth in wastewater from the textile and tanning industry. The simulation of the model 
represented with significant approximation the growth and the generation of lipids for Scenedesmus sp. 
Furthermore, it was shown that wastewater from tanneries would allow increased production of biodiesel 
by favoring the generation of biomass rich in amount of lipids. Thus, the proposed model can be a useful 
tool for assessing the production of biodiesel using industrial wastewater as alternative growth substrates.
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RESUMEN

En este trabajo, se presenta un modelo matemático validado con datos experimentales para el análisis 
de la producción de biodiesel a partir de biomasa microalgal, utilizando como sustrato alternativo 
aguas residuales industriales. Para su desarrollo se utilizó la metodología de dinámica de sistemas 
y se obtuvo el modelo matemático que representa la producción de biomasa y lípidos, así como la 
generación de biodiesel a partir del aceite microalgal. La generación de biomasa fue representada por 
un modelo básico de crecimiento el cual asume que no existe restricción por nutrientes. Esta genera 
una cantidad de lípidos en función al ratio nitrógeno-fosforo que presenta el efluente industrial, con 
mayor producción en condiciones de baja concentración de nitrógeno. Finalmente, estos lípidos son
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INTRODUCTION

Microalgae have been considered as a promising raw 
material for the production of biofuels due to their 
high growth rates, shorter lifespans and diversification 
in their growing conditions [1]. Due to the need of all 
countries to reduce dependence on fossil fuels which 
have generated high environmental costs from their 
extraction to their production, creating instability 
phenomena in the subsurface, contamination of 
surface and groundwater, production of greenhouse 
gases, mainly CO2, among others [2]. For this work 
we will take into account the potential of production 
of biodiesel from microalgae.

Biodiesel is produced mainly through the 
transesterification of vegetable oils and animal 
fats [3]. However, its production has been reevaluated, 
especially in reference to sources of biomass 
processed. In the first instance, it was proposed to 
produce it from agricultural crops such as soybeans 
and corn, among others (first generation biofuel). 
However, these have the problem of competition 
with food production of countries and conflicts 
with land use [4]. Subsequently, it was proposed 
to produce second generation biofuels from plant 
material not used for human consumption, such 
as plant residues, which require high costs for 
transformation of lignocellulosic material, and 
require large tracts of fertile land for production [5].

In the last decade microalgae biomass has been 
proposed as the most promising raw material for the 
production of Biodiesel (third generation Biofuel). 
Microalgae are photosynthetic microorganisms 
using light, CO2, Nitrogen (N), phosphorus (P) and 
potassium (K) to grow, they do not require large 
areas of land to be cultivated, have higher rates of 

transformados en una cantidad de ácidos grasos metiléster (Biodiesel) que varía en función a una tasa  
de transesterificación. La validación y calibración del comportamiento del modelo, se llevó a cabo con 
datos experimentales obtenidos en ensayos de crecimiento de la microalga Scenedesmus sp. En aguas 
residuales de la industria textil y la industria del curtido de pieles (curtiembres). La simulación del 
modelo representó con aproximación significativa el crecimiento en aguas residuales y la generación de 
lípidos para Scenedesmus sp. Así mismo, se evidenció que el agua residual de curtiembres permitiría una 
mayor producción de biodiesel al favorecer la generación de biomasa rica en cantidad de lípidos. De 
esta forma el modelo planteado puede ser una herramienta útil para evaluar la producción de biodiesel 
utilizando aguas residuales industriales como sustratos alternativos de crecimiento.

Palabras clave: Aguas residuales, biodiesel, microalgas, modelamiento.

biomass productivity per area compared to traditional 
energy crops such as corn and soybeans and they 
can be grown in wastewater decreasing the pressure 
on freshwater required for food production  [6]. 
Additionally, previous studies have shown that the 
stress conditions of nutrients can induce significant 
increases in the lipid content in many species 
of microalgae [7]. However, despite the many 
advantages that the use of microalgae can represent, 
currently their production to industrial scales is 
economically unviable mainly by costs associated 
with the substrates used for their growth [8]. Thus, 
to make optimal use of these microorganisms it 
has been proposed to use wastewater as alternative 
substrates for cultivation, since these effluents 
normally have the concentrations of nutrients, 
nitrogen and phosphorus needed for growth [9].

Although different authors have experimentally 
verified the use of industrial wastewater (IWW) 
for microalgal growth and potential use for the 
generation of biodiesel [10-12], it has not been 
established conceptually by any tool to simulate the 
entire process. Mathematical modeling, in addition 
to reproducing the dynamics of a phenomenon 
and predicting it, also serves as a tool for decision 
making. It can allow, among other things, assessing 
how feasible is an industrial effluent for microalgae 
growth and its further processing into biodiesel, 
optimizing time and expenses, with a high level 
of certainty.

Building simulation models has different metho- 
dologies, one is system dynamics, which suppose 
a dynamic hypothesis that conceives any aspect 
of the world as the causal interaction between 
attributes that describe it [13]. This methodology 
has been used for example to evaluate the use of 



Ingeniare. Revista chilena de ingeniería, vol. 28 Nº 4, 2020

746

leachate for the production of microalgae lipids 
and the removal of heavy metals in a landfill [14]. 
This article proposes a dynamic model that allows 
assessing the amount of biodiesel from microalgae 
generated using industrial wastewater as growth 
substrate. The model was built with the methodology 
of system dynamics. Validation and calibration of 
model behavior, was performed with experimental 
data obtained in tests of Scenedesmus sp. microalgae 
growth in wastewater from the textile industry and 
tanning industry (tanneries).

MATHERIALS AND METHODS

Development of the model
The system dynamics methodology was used in 
developing the model, which supposes a dynamic 
hypothesis that conceives any aspect of the world 
as the causal interaction between the attributes that 
describe it [13]. This development has three stages: 
Conceptualization, where the key parts of what is 
desired to be modeled and the interaction between 
them are identified, given as a result a causal loop 
diagram, see Figure 1. Formulation, where from 
the causal diagram, a levels and flows diagram 
(See Figure 2) and the mathematical formulation 
are developed. And finally evaluation, where the 
mathematical model is solved and the correlation 
between the dynamic hypothesis and the simulation 
formulated is verified, this in order to verify whether 
the model is effectively representing the problem 
that was intended to be modeled [15-16]. Thus 
a systemic representation was constructed that 
exists in the microalgae production, lipids and 
biodiesel respect to the concentration of nitrogen 
and phosphorous (N:P ratio) in the culture medium.

The biomass is affected by the ratio of nutrients 
in culture media (N:P ratio). The amount of 
lipids produced is calculated from the amount of 
biomass and nutrient levels, by a lipid generating 
function F(r). After determining the amount of 
lipid, the model estimates the number of these 
that may be transformed into biodiesel according 
to a transesterification rate given by [17]. Finally, 
an amount of biodiesel is obtained (Bobt), which 
it is compared with a desired amount of biodiesel 
(Bdes) through a control variable called difference 
(D), which aims to adjust the required ratio until 
the difference is sufficiently small (Figure 1a). 
Therefore, the model in addition to evaluating the 

potential of waste water from the nutrient quantity 
(N:P ratio) for the production of biomass, lipids 
and subsequent transformation into biodiesel, also 
adjusts the ratio to the amount of biofuel desired.

Figure 1a shows that there are three attributes that 
have accumulations in time which are: biomass, lipids 
and biodiesel. Once the accumulation variables are 
identified, the level and flow diagram (Figure 1b) 
was developed.

Finally, from the diagram of levels and flows, the 
approach of differential equations that constitute the 
model was developed. The microalgae growth part, was 
represented using the exponential growth model while 
the generation of lipids and biodiesel were proposed 
from the relationships identified by literature review, 
as mentioned above. The following explains in detail 
the mathematical formulation of the model.

Biomass
The model of biomass, starts from the basic model 
of population growth, based on the assumption 
of growth with unlimited resources and a growth 
rate of population proportional to its size. This has 
been used for modeling different populations such 
as bacteria, fungi and protists [18]. Therefore, this 
model for the simulation of microalgal growth in 
different scenarios was chosen:

Figure 1. Diagrams of the proposed model to produce 
microalgal biodiesel using industrial 
wastewater as a growth substrate. a) Causal 
loop diagram. b) Levels and flow diagram.
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dX
dt

= µmaxX (1)

where X is the accumulation of microalgae biomass; 
μmax specified growth rate. For t = 0 in Eq (1) the 
concentration of microalgae is equal to the initial 
concentration (X = X0 ) meanwhile in t ≠ 0 the 
concentration it is given by the integration of Eq 
(1) resulting in Eq (2):

X t( ) = X0e
µ
maxt (2)

Lipids
Lipid production was determined from the microalgae 
growth rate X and a lipid generating function, given 
by a correlation between the N:P ratio and the 
percentage of lipid by dry weight. The values of 
this correlation within the genus Scenedesmus sp., 
reported in other studies are summarized in Figure 2 
and Table 1. Increased lipid production in response 
to nitrogen limitation is observed.

The equation describing the production of lipids 
is given by:

dL
dt

= r( )∫ X (3)

Where L is the lipid production rate; f(r) generated 
function of lipid with f(r) = –0.04ln(r) + 0.2896, 

r is the N:P proportion, which was described by a 
piecewise function, in which contains the difference 

control variable, such that: r =

N −1
P

;  D > 0

N
P

;     D ≤ 0

⎧

⎨
⎪
⎪

⎩
⎪
⎪

and

D = Bdes – Bobt

It is noteworthy that the lipid generating function, 
is independent of the rate of lipid extraction as the 
data used did not consider the extraction method 
used. It estimates the percentage of how much lipid 
by dry weight can be generated depending on the 
ratio of the sample.

The solution of Eq (3), for a time of t = 0 corresponds 
to the initial concentration of lipids containing the 
microalgae, estimated by multiplying the lipid 
generator factor function by the initial microalgae 
concentration f(r)Xo.

Biodiesel
Biodiesel production is going to be affected by the 
rate of transesterification, which varies depending 
on the selected method. For this case, acid catalyzed 
transesterification described by [17] was used. Given 
the above, the equation describing the production 
of biodiesel is given by:

Figure 2. Relationship between lipids content and substrate N:P ratio for 
Scendesmus genus. (R2 = 0,66; y = 0,04LN(X) + 0,2896).
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Table 1. Data reported of relationship between N:P ratio and dry weight lipids (%) for Scenedesmus.

Ratio N:P
Lipids 

(% dry weight)
Study 

references

23.00 7.5

[19]

25.00 11.0
35.00 8.0
40.00 6.0
50.00 12.0
55.00 8.0
60.00 10.0
70.00 9.5

0.02 45.6

[20]

0.05 44.3
0.15 50.1
0.50 26.9
1.50 29.8
5.00 22.6
2.00 30.0

[7]

4.00 22.0
5.00 23.0
8.00 21.0

10.00 23.0
12.00 23.0
20.00 25.0
20.00 25.0
50.00 26.0

0.01 45.0
[21]

13.00 9.0
18.10 12.1

[22]21.50 12.1
24.30 11.7

1.00 34.0

[23]

3.00 27.0
5.00 22.0
9.00 20.0

13.00 17.0
22.00 16.0
35.00 12.0

2.50 21.8
[24]

4.52 12.7
1.00 22.3

[25]
9.00 22.5

Ratio N:P
Lipids 

(% dry weight)
Study 

references

12.82 19.7
0.01 52.6

[26]
0.01 49.0
0.02 42.0
0.02 30.0
0.02 30.0
0.10 37.6

[27]
5.33 12.0

80.00 12.0
240.00 13.0
18.75 22.2

[17]
25.00 23.0
37.50 23.3
0.10 28.0

[28]

0.51 20.0
1.02 20.0
2.05 20.0
4.10 20.0
8.20 19.0
5.00 18.3

[29]
5.00 16.4
5.66 17.2

37.50 31.8
0.63 32.0

[30]0.63 40.0
37.50 10.0
0.01 55.9

[31]

0.04 60.6
0.50 63.7

10.00 12.2
125.00 13.4
250.00 18.0

0.01 40.0

[32]
0.10 48.0
0.13 41.0
1.00 37.0
4.00 20.0
6.00 23.0 [33]

dB
dt

= βL (5)

Where dB
dt

is the rate of production of biodiesel, b 

the rate of transesterification.

Experimental phase
For this study, two industrial wastewater were used 
as substrates for the growth of Scenedesmus sp. 
microalgae: textile wastewater (TexWW) and tannery 
wastewater (TanWW). Spot samples were taken of 
the two industrial effluents without pretreatment; 
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their physicochemical characteristics were evaluated 
in the laboratory according to APHA-AWWA 
methods (Table 2).

The Scenedesmus sp. microalgae was isolated from 
a wetland of Bogotá, Colombia, and maintained in 
a basal medium BBM (Bold Basal Medium) at a 
temperature of 20 ºC with a 12:12h light cycle. To 
evaluate the growth of microalgae in each of the 
waters, a volume of 600 ml of culture was centrifuged 
(5000 rpm for 5 minutes) and added to 600 ml of 
industrial effluent (final ratio 1:1) and daily monitored 
for optical density (absorbance at 660 nm) for a 
period of 15 days in a UV/Visible HACH DR6000 
spectrophotometer (for details of the experiments 
see [34, 35]). Subsequently, the absorbance values 
were converted to dr y weight biomass by using the 
relationship reported by [34]. The biomass obtained 
in the experiments was centrifuged and oven dried 
at 70 ºC for 12 hours and lipids were extracted with 
chloroform-methanol-NaCl based on the protocol 
[36] and finally quantified by gravimetry.

RESULTS AND DISCUSSION

The model proposed in this study was validated 
with the experimental data from two industrial 
wastewater (textile and tannery). The parameters 
used are in Table 3. This validation was performed 
for the first two levels: production of biomass and 
lipids while for biodiesel (third level) it was only 
simulated.

Biomass Production
In Figure 3, one can observe the biomass values 
experimentally obtained relative to those simulated 
for both effluents, presenting a significant adjustment 
(R2 = 0.74 p > 0.05 (TexWW) y R2 = 0.78, p > 
0.05 (TanWW)). In both cases, in the actual data, 

fluctuations occur during the assessment period, 
especially in the TexWW, which are not represented 
by the model. In this paper the model used for biomass 
generation, is a classic growth model, which only 
takes into account the maximum rate of growth 
of the microalgae, without considering additional 
factors such as nutrient restriction, environmental 
parameters, bacterial effect, among others, which 
can generate variations in the growth curve of the 
microorganism. However, the model selection was 
based on its simplicity.

Furthermore, the microalgae growth in industrial 
wastewaters, can be affected by the presence of 
pollutants such as hydrocarbons and heavy metals. 
The latter may prevent the proper development of 
the organism as reported by [37] who observed 
inhibition of biomass generation on Spirulina sp. 

Table 2. Characterization of Industrial Wastewater 
used in this work.

Parameters TexWW TanWW

pH 7.68 10.14
Conductivity [µS/cm] 1482 33.6
BOD [mgL–1] 115 17363
Inorganic Nitrogen [mgL–1] 351 231.6
Phosphates [mgL–1] 157 13.23
Sulfates [mgL–1] >2.5 27.33

Table 3. Parameters and values used for model 
calibration and validation in this work.

Parameters Values Study references

µmax( d–1)
0.034 (TexWW)

Present
0.016 (TanWW)

X0 (g L–1d–1)
0.212 (TexWW)

Present
0.6 (TanWW)

r = N
P

2.24 (TexWW)
Present

17.51 (TanWW)

f (r) –0.04ln (r) Present
b 0.131 [17]

Figure 3. Biomass production of Scenedesmus sp. 
in TexWW (triangle) and TanWW (circle). 
Black and white forms are experimental 
and simulated data respectively.
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in the presence of chromium, lead and cadmium 
in tannery wastewater. These factors can affect 
punctually the growth patterns of microorganisms 
but not be reflected in the growth models.

After 15 days of testing, calculation of the maximum 
rate of icroalgae growth was performed, which 
resulted in 0.034 d–1 and 0.016 d–1 for TexWW 
and TanWW respectively. However, the greatest 
production of biomass was obtained with TanWW 
reaching a net production of 0.1630 g/L compared to 
0.1420 g/L for TexWW. The ratio presented between 
inorganic nitrogen and phosphorus (ratio), essential 
nutrients in microalgae growth, could explain the 
difference in production between the effluents 
evaluated. TexWW has a ratio of 2:1 compared 
to TanWW that presents a ratio of 17:1, which 
is close to that proposed by [38], who found that 
in marine environments the relationship between 
these two elements is 16:1 and that it is reflected 
in the internal rate of phytoplankton organisms. 
Therefore relationships close to 16, would be the 
most optimal for microalgae growth. However, it 
must be noted that nutrient limitation conditions, 
very high or very low ratios, can cause physiological 
response of organisms, accumulating metabolites of 
interest, in this case, increased lipid accumulation. 
Thus, alternating cultures between sufficiency 
and deficiency of nutrients have been proposed as 
strategies to increase the efficiency of generation 
of biodiesel [4].

Lipids Production
To assess lipid production using the model, the 
ratio (N:P) for each residual water (Table 3) was 
estimated and subsequently the lipid generating 
function was calculated f(r), which was adjusted 
to the experimental data obtained, with values 
of 23.53 to 25.74% (experimental-simulated) for 
TexWW and 24.3 to 17.51% for TanWW and 
similarly, simulated lipid productivity with respect 
to experimental was similar, with values of 0.08 to 
0.09 g/Ld for TexWW and 0.19 to 0.13 g/Ld for 
TanWW (Figure 4).

In this paper the generation of lipid was estimated 
based on the microalgae (Scenedesmus spp.) and 
the lipid extraction method used in different works 
consulted was not considered. This is important to 
take into account, since the amount of lipids reported 
for a microalgae species, will depend not only on its 

actual concentration, but on the extraction efficiency 
of the method used. The extraction by solvents of 
[36] y [39], are perhaps the methods most used on 
the microalgae biomass, differing in the proportions 
of the solvents used (chloroform: methanol (v/v) 
2:1 and 1:2 respectively), but also they exhibit 
differences in extraction efficiency. [40] reported 
for S. dimorphus a percentage of extracted lipids of 
14% with Folch compared to 6% with Bligh & Dyer. 
Similarly, [41] we observed variations for C. vulgaris 
ranging from 3 to 23% of lipids depending on the 
solvent and the proportion used. Thus, differences 
that may exist between experimental and simulated 
values (Figure 4) could be due to the efficiencies 
of extraction of the methods used in the different 
works consulted.

Despite the differences that may exist resulting 
from the extraction methods, Figure 2 shows a 
general trend of decrease in the percentage of lipids 
in relation to the increase in the N:P ratio, which 
is contained in the generating function established 
in this study. This inverse ratio between lipid 
generation is similar to that reported by [7, 23, 28, 
42] who show an accumulation of fatty acid at low 
concentrations of nitrogen.

Numerous studies have shown that microalgae in 
conditions of physical or nutritional stress modify 
their metabolic machinery, generating a greater 
accumulation of lipids or modifying the composition 
of the fatty acids [43, 7, 44, 45]. Nitrogen is one 
of the nutrients that has shown the most influence 
on the metabolism of lipids in microalgae; under 

Figure 4. Experimental and simulated values 
of lipid content and productivity in 
Scenedesmus sp. growing in industrial 
wastewater.
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nitrogen limiting conditions, these microorganisms 
increase the production of neutral lipids, mainly 
as triglycerides (TAG), which perform functions 
primarily of energy storage, accumulating densely 
in the shape of lipid bodies in both cytoplasm and 
chloroplasts [43].

Finally, based on the results, it is evident that the 
TanWW allowed a greater production of lipids with 
potential to be transformed into biodiesel, despite 
having a lower percentage of generation with respect 
to TexWW, indicating that production is directly 
related with the amount of biomass obtained, ie, it 
is a function that depends on the microalgae growth 
on the substrate used and of the lipid generating 
function.

Biodiesel Production
Figure 5 shows the production of biodiesel obtained 
by the model resulting in 11.93 and 17.5 mg/Ld–1 
for TexWW and TanWW respectively. Therefore, 
the waste water which proved to be the best 
substrate for the production of biomass, lipids and 
subsequently processing into biodiesel is TanWW. 
Although this study did not carry out the process of 
obtaining biodiesel, some works such as [24]; [46] 
productivities of 294 mg/L and 920 mg/L in 14 and 
16 days of experimentation, for Scenedesmus sp. 
and Chlollera sp. respectively, using as substrate 
municipal wastewater. These values are higher 
than those simulated by the model. However, 
these differences may be due to the influence 
that wastewater has in microalgae growth, as the 
wastewaters used in this study are industrial, which 

have features such as heavy metals and hydrocarbons, 
among others, that may affect microalgae growth 
and therefore generate transesterificable lipids. On 
the other hand, Chlollera sp. It has been reported 
to have higher levels of accumulation of lipids than 
Scenedesmus sp. [47, 48, 4].

CONCLUSIONS

The mathematical model was adjusted to the 
experimental results obtained, demonstrating 
that it can be a valuable predictive tool to assess 
the feasibility of using microalgae biomass for 
generating biodiesel, when industrial wastewater 
is used as growth substrate for the microorganism. 
Of the evaluated water, TanWW allowed a greater 
production of biodiesel by favoring generation of 
biomass with a high amount of lipids. However, 
further work is needed to evaluate experimentally 
and adapt the model, the effect it can have on growth, 
lipid accumulation and presence in the biodiesel, 
of pollutants such as heavy metals, especially 
chromium, normally present in this type of effluent. 
Similarly, further research would be valuable to 
determine the utility of the model, when applied 
with other microalgae different to Scenedesmus. This 
modeling process can be adapted to other sources 
of biomass, having in count the raw materials and 
the desired product.
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