
ON TURÁN’S TYPE INEQUALITIES FOR
SOME SPECIAL FUNCTIONS AND

OPERATORS

HARI SINGH PARIHAR
POORNIMA INSTITUTE OF ENG. AND TECH., INDIA

Received : September 2009. Accepted : April 2010

Proyecciones Journal of Mathematics
Vol. 29, No 2, pp. 93-100, August 2010.
Universidad Católica del Norte
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Abstract

The purpose of this paper is to use the generalized Schwarz in-
equality to give a short proofs of new Turán-type inequalities for some
special functions and operators.

Subjclass [2000] : Primary 26A33, Secondary 30C45.

Keywords : Turanians, Negapolygamma function, Generalized
Hurwitz- Lerch Zeta function, Mellin transforms, unified Riemann
zeta function, Riemann-Liouville fractional integral operator.



94 Hari Singh Parihar

1. Introduction

P. Turán showed in a 1946 letter to Szegö that

∆n(x) = P 2n(x)− Pn−1(x)Pn+1(x) ≥ 0, x ∈ [−1, 1], n ≥ 1(1.1)

where Pn(x) denotes the n-th Legendre polynomial. Szegö [6] gave four non
trivial proofs. This classical result has been extended in several directions:
Bessel function of the first kind, modified Bessel functions, Hermite poly-
nomials, Laguerre polynomials, ultraspherical polynomials etc. In view of
the interest in inequalities, Karlin and Szegö named the determinants, such
as (1.2)Turánians.¯̄̄̄

¯ Pn(x) Pn+1(x)
Pn+1(x) Pn+2(x)

¯̄̄̄
¯ ≤ 0, −1 ≤ x ≤ 1(1.2)

where n = 0, 1, 2, ... and equality occurs only if x = ±1.

The proof given by Turán is based on the recurrence relation [5, p. 81],

⎧⎪⎨⎪⎩
(n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x)

n = 1, 2, ...
P−1(x) = 0, P0(x) = 1,

(1.3)

and on the differential relation [5, p. 83]

(1− x2)P
0
n(x) = nPn−1(x)− nxPn(x)(1.4)

L. Lorch [4] derived Turán-type inequalities for the positive zeros CνK ,
K = 1, 2, ... of the general Bessel function

Cν(x) = Jν(x)cosθ − Yν(x)sinθ, 0 ≤ θ < π

where Jν(x) and Yν(x) denote the Bessel function of the first and the sec-
ond kind respectively.
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Finally, the corresponding results for the positive zeros C
0
νK ν ≥ 0, K =

1, 2, ... of the derivative C
0
ν(x) =

d
dx [Cν(x)] and for the zeros of Hermite La-

guerre and ultraspherical polynomials have been established in [1] [2] and
[3] respectively.

The object of this paper is to prove new Turán-type inequalities for
some special functions like unified Riemann zeta function, Negapolygamma
function, generalized Hurwitz-Lerch Zeta function and some operator like
Mellin transform, Riemann-Liouville fractional integral operator.

The approach used in this paper is based, prevalently on Sturm theory
and is different from the one used in the above mentioned papers. Here our
main tool is the following generalized Schwarz inequality.

Z b

a
g(t)[f(t)]mdt

Z b

a
g(t)[f(t)]ndt ≥

"Z b

a
g(t)[f(t)]

m+n
2 dt

#2
(1.5)

where f and g are two non negative functions of a real variable and m and n
belonging to a set R of real numbers, such that the integral in (1.5) exists.

2. Main Results

Theorem 2.1. The Legendre polynomial of order n is denoted by Pn(x)
in [10]. Then

Pn−1(x)Pn+1(x)− P 2n(x) ≥ 0, |x| ≥ 1(2.1)

Proof. From [13, pp.203], we have

Pn(coshα) =
1

π

Z ∞
0
(coshα+ sinhαcost)ndt(2.2)

and (1.5) with n− 1, n+ 1 instead of m,n, to establish the inequality for
x ≥ 1, and then use the fact that Pn(x) is ever for n even, odd for n odd,
to prove it for x ≤ −1.

This completes the proof. 2

Theorem 2.2. The unified Riemann zeta function is denoted by φµ(z, s, a)
in [7, p. 87]. Then
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(s+ 1)
φµ(z, s, a)

φµ(z, s+ 1, a)
≥ (s)φµ(z, s+ 1, a)

φµ(z, s+ 2, a)
, s > 1.(2.3)

Proof. For s > 1, the unified Riemann zeta function satisfies the integral
relation

φµ(z, s, a) =
1

Γ(s)

Z ∞
0

ts−1
e−at

(1− ze−t)µ
dt, s > 1(2.4)

By (1.5) with g(t) = e−at

(1−ze−t)µ , f(t) = t and a = 0, b = +∞.

We obtain

R∞
0 ts−1

e−at

(1− ze−t)µ
dt

Z ∞
0

ts+1
e−at

(1− ze−t)µ
dt ≥"Z ∞

0
ts

e−at

(1− ze−t)µ
dt

#2
.

(2.5)

Furthermore using (2.4) the inequality becomes

φµ(z, s, a)Γ(s)φµ(z, s+ 2, a)Γ(s+ 2) ≥ φ2µ(z, s, a)Γ
2(s+ 1)(2.6)

or by the functional relation Γ(s+ 1) = sΓ(s),

(s+ 1)φµ(z, s, a)φµ(z, s+ 2, a) ≥ (s)φ2µ(z, s+ 1, a)

This completes the proof. 2

Remark 2.1. In the above theorem(2.2), if we put a = µ = z = 1 then
the given relation satisfies for the Riemann zeta function.

Theorem 2.3. We denote by ψ(−n)(z) the Negapolygamma function[9].
Then

(n)
ψ(−n)(z)

ψ(−n−1)(z)
≥ (n− 1)ψ

(−n−1)(z)

ψ(−n−2)(z)
, z > 0(2.7)

and n is an arbitrary positive integer.
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Proof. For z > 0, the negapolygamma function can be written in inte-
gral form as

ψ(−n)(z) =
1

Γ(n− 1)

Z z

0
(z − t)n−2logΓ(t)dt, z > 0(2.8)

when n is an arbitrary positive integer.

We write the above integral in suitable form and similar steps used like
Theorem(2.2)and using(1.5). We arrive at the required result. 2

Theorem 2.4. The Mellin transform of a function f(x) is defined as

Ms{f(x)} =M{f(x); s} =
Z ∞
0

xs−1f(x)dx, x > 0(2.9)

Then

Ms{f(x)}Mp{f(x)} ≥
h
M s+p

2
{f(x)}

i2
where s+p

2 is an integer.

Proof. In the theorem, we choose the integer p and s both even or odd
in such a way that p+s

2 is an integer.
By (1.5), we getZ ∞

0
xs−1f(x)dx

Z ∞
0

xp−1f(x)dx ≥
∙Z ∞
0

x
p+s
2
−1f(x)dx

¸2

that is

Ms{f(x)}Mp{f(x)} ≥
h
M s+p

2
{f(x)}

i2
This completes the proof. 2

Theorem 2.5. The Riemann -Liouville fractional integral operator[8] of a
function f(x) is defined as

.cD
−ν
t f(t) =

1

Γ(ν)

Z t

c
(t− x)ν−1f(x)dx, x > 0(2.10)
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Then

Γ(ν).cD
−ν
t f(t)Γ(µ).cD

−µ
t f(t) ≥

∙
Γ(

µ+ ν

2
).cD

−(µ+ν
2
)

t f(t)

¸2

where µ+ν
2 is an integer.

Proof. We use the similar lines as used in the above theorems and get
the proof of this theorem. 2

The generalized Hurwitz-Lerch Zeta function φα,β;γ(z, s, a) is recently
defined by Garg, Jain and Kalla in [12] as follows:

φα,β;γ(z, s, a) =
1

Γs

Z ∞
0

ts−1e−at.2F1(α, β, ; γ; ze
−t)dt,(2.11)

where (Re(a) > 0; γ 6= 0,−1,−2, ..., Re(s) > 0) and |z| < 1 or |z| = 1 with
Re(γ − α− β) > 0, where dt2F1(α, β, dt; γ; z) is the Gauss hypergeometric
function defined in [10].

Theorem 2.6. The generalized Hurwitz-Lerch Zeta function is denoted by
φα,β;γ(z, s, a) in [12]. Then

(s+ 1)
φα,β;γ(z, s, a)

φα,β;γ(z, s+ 1, a)
≥ (s)φα,β;γ(z, s+ 1, a)

φα,β;γ(z, s+ 2, a)
, s > 1.(2.12)

Proof. We use the similar lines as used in the above theorems and get
the proof of this theorem. 2
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